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1. a) Consider a sequence of random variables Xy, for which EX, — u for a fixed value pelR and
Var(X,) — 0 as n — oco. Show that this implies X,, —¥ p for n — oc.
b) Give an example of a sequence of random variables X, such that X, —% 1 whereas EX,, = 0 for
all n. Of course you are also expected to show your sequence to have these properties.

¢) Let X, be a sequence of random variables and X such that X, ~» X. Moreover, let Y, be
a sequence of random variables such that X,, are Y,, stochastically independent and ¥, ~» Y
for a random variable Y. The distribution functions of X and Y are continuous. Show that
(Xn,Yn) ~ (U, V), where U has the same distribution as X, V has the same distribution as Y’
and U and V are stochastically independent. Hint: use directly the definition of convergence in
distribution in IR2. :

d) Let X, X1, Xa,... be a sequence of random variables such that X, ‘—>P X. Letg : R — IR
be a continuous function. Prove (directly from the definition of convergence in probability) that
9(Xn) —F g(X). _

2. Consider the random vector Y, = (Y 1,..., ¥n ), multinomially distributed with parameters n and
(p17 vee apk)

a) Formulate a theorem for the asymptotic distribution (for n — 00) of the sequence of random

variables X,,, where
k

_ o (Yni —npy)?
X = Z np;

g==1
b) Prove this theorem.

3. The random variables X1, Xs, ... are independent and distributed according to the Poisson distribution
with (unknown) parameter 6 > 0:

ok _,
Po(Xi=k) = z-e™, k=0,1,2,...

This means that the expectation as well as the variance of X is §. Denote by X,, the mean of the first
n X;’s in the sequence.’

a) Derive the asymptoﬁic distribution of Ty, = v/n(v/X, — V8).

b) Based on a), construct an asymptotic confidence interval of level 1 —a for 6. (if you cannot answer
a), just denote the asymptotic distribution function by G and express the confidence interval in
terms of G).

4. Let X1, Xs,... be independent and identically distributed random variables with probéubi]jty density

function .
pulz) = Ee"””’”' zeR



The distribution is a shifted Laplace distribution with unknown, but fixed, shift u. Define, for f¢RR,

the function
Po(z) = (z—6)° (2eR)

and consider the Z-estimator 6, defined as a zero of the function
1 n

Un(0) = Potpo = 3 _%(X3)
i=1

a) Using properties of the function ¥,, show that én is well defined. In other words: show that ¥,
has exactly one point where it becomes zero.

It is easily shown that ff; z?e~1#l dz = 4 (you don’t have to show this).

b) Prove that 8, —% u.
Using the Gamma function it is also easy to derive that ffooo z8e~ 1%l dz = 1440.

c¢) The random variables \/H(én — 1) are asymptotically normally distributed. What parameters do
you expect for this asymptotic normal distribution?

5. a) Suppose F is a continuous distribution function on JR and (Fy) a sequence of distribution functions

such that
: Jim Fy(z) = F(z) for all zelR
—00

Prove that this implies the following (stronger) type of convergence:

lim ||Fy — Flloo = lim sup |Fr(z) — F(z)| = 0.

n—oo . n—+o0 xelR

b) It can be shown that the Mean Integrated Squared Error (MISE) of the kernel estimator Fan for
the density f has the following form:
MISEf(fan) = If,x(n, h) + J5.x ()
The two terms (variance and squared bias) have the following asymptotic behavior
nhl; x(n,h) — ci(f, K) >0 en h™*J5 x (k) — c2(f, K) > 0

for n — oo, h | 0 and nh — co. We decide to choose h = hy, = cn™® for some 0 < @ < 1.
Determine (and argue) which choice of « is ‘asymptotically MISE optimal’.

[>7

¢) Taking the optimal o, one can show that with h = h, = cn™%,
N K
nlim n**MISE;(fun,) = _0_1_(]2_) +cte(f,K)
— 00

Derive the optimal choice of c.

Grading:

la: 2 | Ic: 2 | 2a: 1 | 3a: 4 | 4a: 2 | 4¢c: 2 | Bb: 2
ib: 21 1d: 3 | 2b: 4 | 3b: 2 | 4b: 3 | Ba: 4 | 5¢: 3

The final grade is computed as follows: 2umber of 4p°i“ts *+ 4 Good luck with the exam!






