Afdeling Wiskunde Exam Mathematische Statistiek/Asymptotic Statistics

Vrije Universiteit 10 February 2005

Exam Mathematische Statistiek (6 ECTS): problems 1ab, 2, 3, 4, 5, 6.

Exam Asymptotic Statistics (8 ECTS): problems labc, 2, 3, 4, 6a, 7.

Give clear but brief explications of your answers!

You may write your answers in Dutch, English or French.

Graded exams can be inspected at the student administration of the Vrije Universiteit
from three weeks after the exam onwards.

1. The random variables X,, and Y,, are independent and binomially distributed with parameters
(n,p) and (n,q), respectively. To test the null hypothesis Hy:p = g we consider the test
statistics
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. a. Find critical values such that the asymptotic level of the test is a.
b. Show that the test rejects alternatives (with p # ¢) with probability tending to 1.
c. (Only Asymptotic Statistics.) Find the limiting power at (p,q) = (po,po + h//1) as a
function of h.

2. The random variables X1, ..., X, are independent and N (uo, 03)-distributed. To estimate the
parameters (o, oo) we consider the minimizer (fi,,, 6, ) of the function
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a. Give a heuristic argument showing that the estimators (fin, &, ) are asymptotically con-
sistent. (You may use that E(X; — po)* = 304.)

b. Which limit distribution do you expect for the sequence v/n(fi, — 1o, 8n — o) 7

c. Determine the relative efficiency of fi, and X,, as estimators of up. (You may use that
E(X1 — po)® = 150§.)

d. Give a precise proof of the consistency of fi,, as in a). (It is not necessary to consider &,
in your arguments.)

3. The random vectors (X1,Y1),...,(Xn,Yn) are i.i.d. and bivariate-normally distributed with
mean u # 0 and var X; = varY; = 1 and cov(X;,Y;) = 1/2. Find constants a, and b, such
bn()zn?n — ay,) converges in distribution to a non-degenerate limit distribution. Which limit
distribution?

4. Assume that X,, possesses a multinomial distribution with parameters n and p=(p1,..-,Dk)-
a. Formulate a theorem concerning the limit in distribution of the sequence of variables
Yie1(Xni — npi)?/(np) as n — oo.
b. Prove this theorem.

5. (Only Mathematische Statistiek.) Suppose that (X,Y) possesses a bivariate-normal distribu-

tion with expectation 0 and covariance matrix ; g)

a. The variable X2 +Y? is distributed as a linear combination of x3-variables. Which linear

combination?
b. Determine constants A and B such that the variable AX?+ BXY +CY? is y?-distributed
with two degrees of freedom.



6. Let Xi,...,X, be independent and identically distributed random variables with density f.
a. Give the formula for a kernel estimator f, for f.
b. (Only Mathematische Statistiek.) Give the definition of the mean integrated square error
(MISE) of f,.
c. (Only Mathematische Statistiek.) Express the bias of f,(z) in f (and the kernel).

7. (Only Asymptotic Statistics.) Consider the following statistical experiments (i) and (ii):
(i) We observe an i.i.d. sample X3,..., X, from a density z — pg(z) for which the corresponding
model {pg: 0 € R} satisfies the local asymptotic normality assumption: for any h € R:
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under 8, where Iy € (0,00) and A, ¢ is a sequence of random variables that tends in distribution
~.under ¢ to the normal distribution with mean zero and variance Ip. = = _ o
(ii) We observe a single observation X from the N(h,1/Iy)-distribution, where h is the unknown
parameter.
a. Formulate a theorem that relates these two experiments.
b. Show that S, ~» § implies that liminf ES2 > ES?, for any sequence of random variables
S, and S.

c. It is known that in experiment (ii) any (randomized) estimator T' of h satisfies
supper En(T — h)? > 1/I,. What does this imply for '

supEgyp/ mn(Ty — 0 — h//n)?
heR
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for estimators T, in the experiments (i), as n — co? (You may (but do not have to)
assume that the sequence /n(T;,, — ) tends in distribution to a limit.)
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