Make up exam Afdeling Wiskunde
Introduction Partial Differential Equations Faculteit der Exacte Wetenschappen
for students Mathematics and Physics Vrije Universiteit Amsterdam

Date: Tuesday February 8, 18:30 - 21:30 (3 hours)
Instructions: 5 problems; motivate all answers.
No calculators, no books, no formula sheets.

1. (a) Calculate Fourier transform of the following functions
flz) = 2e~@ e glz)=e 1<x<4, and g(x)=0 eslewhere.
(b) Compute, using the definition, the Laplace transform of
9(z) = zsin(2z).

(c) Find the inverse Fourier transform
2
e ] e
7 (a2 — 20+ 2) )

2. Consider the fourth order equation
Up=Upp +u, z€[0,7], t>0
with initial condition u(0,z) = f(z) € C°([0, 7]) and boundary conditions u(t,0) = 0,
and u(t,r) = 0.
(a) Give the general solution using separation of variables.
(b) Derive the formulas for the Fourier coefficients in terms of the initial function f.
(c) Let f(z) =1 on [0,7]. Compute the solution u(t, z).
(d) Prove that limy . u(t, z) = 2 sin(z) uniformly in z € [0, ].
3. Consider the elliptic equation on a domain  C R?

Lu= Au+2u=f, x € ),

B = —_— =
U u+8n g, x € 01},

where n the outward unit normal on 92, and -g—:‘—L =Vu-n.
(a) Show that the adjoint differential operator L* is given by
L*¢ = A¢p +2¢
by establishing the identity
1616~ v didax =,

for all ¢,9 € C°(2). Recall that C§°(f2) are infinitely smooth functions whose
support is strictly contained in £2; no boundary contributions.



(b) Derive the Green’s idenity

/[vLu —ulL*v]dox = ...
Q

(c) Find the adjoint boundary operator B*.
(d) Formulate the differential equation for the Green’s function G(x,y).
(e) Assuming that the Green’s function G exists, write down a representation formula

for the solution u(x).

4. (a) Determine the general solution of the following first order equation
Uy + YUy = 0.
(b) Find the solution that matches the the initial condition u(0,y) = sin(y).

5. (a) Calculate the Fourier series of 22 on [, 7].

(b) Compute the sine Fourier series of the function f(z) =1 on [0, 7].

The cosine Fourier series for f are Y oo ancos(nz), an = 2 [ f(z)cos(nz)dr, n > 1, and ap =
L7 f(z)dz.
The sine Fourier series for f are Y - ; ansin(nz), a, = 2 [ f(z) sin(nz)dz, n > 1.

The Fourier series for f are % + Y o2 ; [an cos(nz) + by sin(nz)], an = £ [ f(z) cos(nz)dz, and b, =

L (" f(z)sin(nz).

The Fourier transform of f is given by F(a) = = [* f(z)e~*®dz, and the Laplace transform by

F(s) = J37 f(z)e*%da.
Good luck
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Table 6-1. Properties of the Fourier Transform

' o .
7 Fla)=o= | fe)e s
L %) ’ | (iz)"F(a)
2. x"f(x) | " F(a)
3. flx-c¢) e~ F(a) (c‘ar_corrx?t..) ]
_ _—;.. e~ f{x) . F(@—c¢)  (c=const.)
5. GAE* Ghk) | CiFi(2) + GiFy(e)
6. flcx) , le[*Flajc) (c= const.)
7. Fx) - | E%f(w) _
8 fes@=[ -0z D | 20P@)6(@)

Table 6-2. Fourier Transform Pairs

1 (" .
o) F@)==[ fee=ax
1. =% @mey e = (c>0)
Al A
- 2. ™M -z;;-—i-_,\—z >0
o .
o ‘e (1>0)
1 |xl<A sin Aa
4. I = {
A(x)' 0 |x|>A e
2sin Ax .
5. 'L IA(LZ)
x
0 x<0 | 1 1
6. E, E{ — >
) e x>0 2w a+tia Rea>0)

The Fourier transform, as described here, ‘applies to functions f(x) in I*(—,®). A related
integral transform, called the Laplace transform, is defined by

Lrer=[ e dr=f) - (6.18)
0 ’ .

_ This transform may be applied to functions f(#) which are defined for —» < t <o and satisfy f(t) =0

8 e ol b e S




Table 6-3. Properties of the Laplace Transform

@

fs)= f fe=dr

1. G+ Cofld) Cifuls)+ Cofals)
2. flat) “a*f(s/a) (a>0)
3 0 $"f(s) = SO =+ = f770) |
n=12,..)
4 7fO D) (m=1,2..)
5. e“f(s) " | fs—c)  (c=const)
6. H(t—b)f(t—b), where e™f(s) (b>0)
[0 <0
He= {1 >0 7]
7. fre=[ fe-Ds@dr | F6)86)

Table 6-4. Laplace Transform Pairs

£0) fo=[ 10ea
] .
1. 1 -
s
. n!> -
2 —  (n=12..)
1
3. e~
¢ s—k
4 sinat 2
5 a
s 2+ a?
5. cosat 3
. cosa
2+ a?
1 1
6. —— —
Vat . - Vs
1 —k2/4 —-kVs
7. e e (k>0).
Tt s
o k k24 ~kVE
8. P iad e (k>0)
4nt
9. erfc (k/2V?), where —eVE (k>0)
erfc z =-——— j e du
T




