Divisie Wiskunde & Informatica Exam Introduction to Logic
Vrije Universiteit February 17, 2005

This exam has & pages; there are 8 exercises.

For each item the number of points that can be obtained is indicated. The
final result is: (total number of poinis plus 10) divided by 10.

Opgave 1. Give derivations with natural deduction (ND):

(&) ~(pVvg),r F =(r —p), (5 points)
(b) p—>r)V-g F (pAg)—r. (5 points)
Opgave 2.
(a) Give the criterion (from the book) for determining whether a conjunctive
normal form (CNV) is a tautology. (2 points)
(b) Find a CNV for the formula (—p — —¢q) V (=(pA~r) A (s — q)). Show the
way you found it. {4 points)
(c) Apply the criterion from (a) to determine whether the formula in (b) is a
tautology
(4 points)

Opgave 3. Consider the boolean function f(z,y) which has value 1 if exactly
one of the variables z,y is 1, and value 0 in all other cases.

Consider also the boolean function g(z,w) which has value 1 if exactly one of
the variables z,w is 1, and value 0 in all other cases.

(2) Find a reduced OBDD for the function f w.r.t. de variable ordering [z, y];
and a reduced OBDD for the function g w.r.t. the ordering [z, w].

(5 points)

(b) Find a reduced OBDD for the boolean function f(z,y) - g(z,w), with
variable ordering [z, y, z, w]. (Hint: use (a))
(5 points)

(¢) Consider the boolean function h(z,y, z, w) of four variables z, y, z, w, which

is 1 if exactly two of the variables z,y, 2, w have value 1, and 0 otherwise.
Give a reduced OBDD for h with variable ordering [z, y, 2, w].

(5 points)



Opgave 4. Prove or refute the following statements (for propositional logic).

(a) If ¢ F ¢ and ¢ is a tautology (i.e. a valid formula), then also 9 is a
tautology.

(6 points)

(b) If ¢ V 9 is a tautology and ¢ is not a tautology, then 9 is a tautology.
(6 points) :

Opgave 5. Give derivations with natural deduction (ND):
(a) +Vz(Pz Vv -Pz), (5 points)
(b) Vz(Pz — Sz),3z(Pz A -Qzx) F —Vz(Sz — Q). (5 points)

Opgave 6. The following entailment is not valid. Show this by giving a coun-
termodel.

daVyRzy, Ve Rzz = VaVy(Ray V Ryx).
(8 points)

Opgave 7. Translate the following sentences into the the language of predicate
logic. Make use of the key:

Hx: x is at home
Wx: x works

Sxy: x is a sister of y
j: John

(a) If all his sisters are at home, John does not work.
(4 points)

(b) Several of John’s sisters work at home.
(4 points)

(c) Exactly one of John’s sisters works at home.

(4 points)



Opgave 8.

Given is the Kripke model M = (W, R, L) with underlying frame F = (W, R),
depicted as follows.
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(a) Determine for which worlds = holds: M,z I+ Cg.

(3 points)
(b) Determine for which worlds = holds: M,z I O0(Clg — p).
(4 points) »
(¢) Is there a labeling function L’ on the frame F, such that for the Kripke-

model M’ = (W, R, L') we have: M’ ¥ p — [00p? Motivate your answer.
(4 points)

(d) Is there a labeling function L” on the frame F, such that for the Kripke-
model M"” = (W, R, L") we have: M" i [Op — OCIp? Motivate your
answer.

(4 points)



