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1. a) Give the definition of (uniform) tightness of a sequence of random variables and show that the
sequence (Xy,), with X, uniformly distributed on [n,n + 1], is not uniformly tight.

b) Give an example of a sequence of random variables X, such that X,, converges in distribution,
but not in probability.

c) Let X1,X>,... be a sequence of random variables such that for all € > 0,
[o o]
ZP([XTJ > €) < 0.
n=1

Prove that X,, — 0 almost surely.
d) Let Uy,Uy,... i.i.d. random variables, uniformly distributed on [0,1]. Define ¥,, = maxi<;<n Us.
Prove that ¥, — 1 almost surely. Hint: use part ¢) of this exercise, with X, =Y, — 1.

2. Let, for n = 1,2,..., X, ~Bin(n,p;) and Y,, ~Bin(n,p2) be independent random variables. We wish
to test the hypothesis Hy : p1 = ps = a for some fixed ae(0, 1), using the test statistic

(Xn —na)? + (Y, — na)2.

Cn = na(l — a)

Derive the asymptotic distribution under Hy for C,, as n — oo.

3. Let X1, Xa,... be i.i.d. random variables with density f(z) = Aexp(—Az), z > 0, for some unknown
parameter A > 0. Let X,, be the sample mean of the first n random variables, X, = % Yoy Xi. The

maximum likelihood estimator for the parameter A, based on Xi,...,X,, is given by A=1 [ Xn Tt
is given that EX; = A~! and VarX; = A~2,

a) Show that v/(A, — A) ~» N(0,A2).

b) We wish to estimate P(X; > 1) = e~>. Inspired by a), we use the estimator S, = e~*». Show
that this estimator is consistent and

VS, — ™) ~» N(0,X2e™ ).

¢) Another estimator that can be used to estimate P(X; > 1) = e, is

1« :
Tn’—‘ﬁgl{xm}:#{z:l"”’" t Xi > 1}/n.
(£

Prove that .
V(T —e™?) ~s N(0,e72 (1 — e™)).

d) Compute the Asymptotic Relative Efficiency of Sy, relative to T, and give your ideas on which
estimator of the two to prefer. .



4. Let Xi,..., X, be independent N(u,1) distributed random variables. Define 8,, as the point of mini-
mum of the function § — 37 | (X;~8)* or, equivalently, as the zero of the function § — S (Xi—6)3.
a) Show that 6, Lt 6o for some 6y. Which 6,7

b) Derive the asymptotic (normal) distribution of v/n(f, —6,). You may use that the fourth moment
of the standard normal distribution is 15.

Consider a class of probability densities on IR, {py : 8eO}. Fix 69e®. The Kullback Leibler divergence
of pg and py, is defined by
pe(X)

M(6) = Ey, log 2o ()"

¢) Show that M(9) < 0 for all eB.

5. Let (Fy) be a sequence of monotonically increasing functions on IR and F a continuous, monotonically
increasing function on IR, with limg_, o F'(z) = 0 and lim, .o F(z) = 1. Suppose that for each zelR,
Fn(z) — F(z) as n — 0o. Prove that sup,. |Fy(z) — F(z)| — 0 as n — oo.
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The final grade is computed as follows; 2umber °§_§°ims + 4 Good luck with the exam!



