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The use of notes, calculators, etc. is not permitted. You may use partial results from previous
exercises even if you have not managed to prove them. Explain your answers and state which
results you use from the book. Your grade will be %gts + 1.

Question 1. [34+747 Points|] Let X be a topological space and A, B C X such that
AUB=X.

a) Give the definition of a compact space.
b) Suppose that A and B are compact, show that X is compact.

¢) Suppose that A and B are compact, and X is Hausdorff. Show that AN B is compact.

Question 2. [5410 Points| Let X,Y be non-empty topological spaces, and suppose that
Y is compact. Let z € X and let V' C X x Y be an open set such that {z} x Y C V.

a) Show that for every y € Y there exists open sets A, C X and B, C Y such that
(z,y) € Ay x By and A, x B, C V.

b) Show that there exists an open neighborhood U C X such that z € U and U xY C V.
Question 3. [34+10 Points] Let S' = {(z,y) € R?|2? 4+ y* = 1} be the circle,

GL;(]R):{(((J; Z) |a,b,c7d€]R,ad—bc>0}

be the 2 x 2 matrices with positive determinant, and

SLy(R) = {(Z Z) |a,b,c,d€R,ad—bc:1}

the 2 x 2 matrices with determinant one.

a) Give the definition of a deformation retract.

b) Show that SL,(R) is a deformation retract of GL] (R).

Question 4. [3+12 Points| Recall the definitions in Question 3. Define the maps i : ST —
x

+ ; _ —Y QT T 1 a b _ 1
GL3 (R) byz(m,y)-(y . ) and r : GLy (R) — S byr((c d))—\/m(a,c).
a) Discuss why 7 is well-defined.

b) Show that

i m(SY(1,0) = m (GL2+(R), ( (1) (1) ))
is injective and
re (G@(R), ( - )) (S (1,0))

is surjective.



Question 5. [3+7 Points] Let X = {(x,y,2) € R®|(z,y) # (0,0)}.
a) Sketch the space X.
b) Compute the fundamental group m (X, (1,0,0)).

Hint: X deformation retracts to a familiar space.

Question 6. [5+5+5+5 Points| Let p : £ — B be a covering map, and e € E and
b=p(e).

a) Recall how the lifting correspondence
¢ m(B,b) = p~'(b)
is defined. You do not have to show that the lifting correspondence is well-defined.
b) Show that ¢ is surjective if F is path-connected
In part ¢) and d) assume that E is path-connected and B is simply connected.
¢) Show that p is injective.

d) Show that p is a homeomorphism.



