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e Read the entire exam carefully before you start answering the questions.
e Be clear and concise in your statements.

e The questions should be handed back at the end of the exam. Do not take it home.

Good luck!




Question 1 [30 points] Local level model

Consider the local level model for the time series observations v, ..., ¥, as given by

Yt = Pt + Et, M1 = Mt + 7, t=1,...,n,

where all variables are scalars, with the level y; and where the disturbances e; and 7
are normally distributed with mean zero and variance o? > 0 and 0,2’ > (), respectively,
and are mutually and serially uncorrelated. The initial level u, is treated as an unknown
variable. The signal-to-noise ratio is defined as ¢ = o2 / 02

(a) Discuss the initial (unconditional) distribution for u;, give its mean a; and variance
p1, and motivate your answer for the mean and variance.

b) When you decide to estimate p; by maximum likelihood, together with o2
1

2 and o7,
and hence the parameter vector is ¢ = (u1, 02, a%)' , how would you initialize the

Kalman filter 7 In other words, what are your values for a; and p; in this case ?
Motivate your answer.

(c) The Kalman filter for the local level is given by

Ve = Yp— gy fr = p+o?, |
kt == pt/ft;
a1 = ag+kv,  pyr = p(1—k) + 073:

for t =1,...,n and initial values a; and p;. Give the definitions for v; and f;, derive
their expressions and motivate your steps in the derivations.

(d) Show that we can express the Kalman update equations as
ai+1 = (1 - kt)at oix ktyt: Pt+1 = ?(kt + C_I), = 17 RN
(e) Develop an algorithm for evaluating the conditional mean and variance

a: = E(Ntlyl; iEE aytJyt'-l-l;’()b)a p;fk - Var(ﬂt'yla . o 7yt7yt+1;¢)7 = 17 sy N :

[Note: it is not a typo, we condition on yi, ..., Y41, NOT on Y1y, Y—1]. Give a
clear description of your algorithm. 'w




Question 2 [25 points] Multivariate local level model

The multivariate local level model is given by

Y = W + E, M1 = Mt + N, t=1,...,n,

where all variables are p x 1 vectors, with the level y; and where the disturbances ¢;
and 7, are normally distributed vectors with mean zero and p X p variance matrices
Y. and X, respectively, and which are mutually and serially uncorrelated.

(a)

(d)

Show that the cross-sectional average 9 = p Y o, Yit, where y; is the i-th
element of 4, for t = 1,...,n, can be represented by a local level model. Provide
the details with definitions of the variables in the model AND an expression for
its signal-to-noise ratio q.

The rank of %, is restricted to be equal to unity, that is rank(%,) = 1. Give
an alternative expression for the multivariate local level model of y; in terms of
the scalar random walk level ), that is ,u;r 1= u+ n. Provide all details of
your model specification, including the initial conditions. Also show that your
specification is equivalent to the multivariate specification above.

For the multivariate local level model with rank(%,) = 1, it is your suggestion to
estimate ,uI via the Kalman filter that is applied to a scalar time series y; and
based on a scalar local level model. How would you transform (linearly) the p x 1
observation vector y; to obtain y; and from which you can apply the Kalman
filter to estimate ] ? Provide all details of your solution.

In the previous sub-question (c), can you also consider y; = ¥, ? Motivate your
answer and provide the details.




Question 3 [25 points| Importance Sampling

Consider the time-varying regression model for the univariate time series v,
Ye = XuBy + €4, Bty1 = @B +ny, t=1,...,n,

where disturbances ¢, and n: are mutually and serially uncorrelated, X, is a, 1 x k
vector of covariates, £, is a time-varying k x 1 vector of coefficients, for ¢t = 1,... n.
The time-varying regression parameter is specified as a vector autoregressive process,
a VAR(1) process with coefficient matrix ®. The disturbance ¢, is from the Student’s

t distribution and 7, is from the normal distribution. The Student’s ¢ distribution
has logdensity

1
V;_ log(1 + Ae?),

1
log p(e) = loga(v) + 5 log \ —

where v > 2 is the degrees of freedom and

r 1/2
fort=1,... n.
(a) Provide the details for the iterative procedure to compute the mode of p(8,|Y,; ()
with ¥;, = {y1,...,y,} and where vector of unknown coeflicients ) is assumed
known, for ¢ = 1,... n. It is assumed that you know the general algorithm

for computing the mode; you only need to provide the specific details for the
Student’s ¢ density.

(b) Derive an expression for the Monte Carlo estimate of the likelihood function using
importance sampling.
(¢) The Monte Carlo estimate of the likelihood function is consistent. A central limit

theorem does apply when the variance exists for the importance weights. How
would you verify this condition ?

(d) The economist is interested in the signal f; which is a specific function of the

regression coefficients, that is f, = f (B) for some continuous function f0), at

time ¢ = n. Describe how you would construct a Monte Carlo estimate of Tu
using importance sampling.




Question 4 [20 points] Nonlinear filtering

Consider a nonlinear unobserved components time series model with trend p; and
autoregressive component 10;. The observation equation is given by

yt:ﬂt+¢t7 tZ]‘)"')n)

where y, is specified as the random walk process given by

P11 = g + Ny,

and where 1); is specified as the autoregressive process given by

Yip1 = P(pe) 1)y + €,

with ®(-) being the cumulative probability density function for some standardized
normal variable. The disturbances &; and 7; are normally distributed with mean
zero and variance o2 > 0 and 0,2] > 0, respectively, and are mutually and serially
uncorrelated.

(a) Express the model in the form of a general nonlinear state space model

= Z (o), a1 = T(oy) + &,

where o is the state vector and &, is the corresponding disturbance vector. Give
expressions for a; and &, and for the functions Z(«a;) and T'(a;), in terms of the
model specification given above.

(b) Construct the Extended Kalman filter for this nonlinear model. You can treat
the standardized probability density function ¢(z) = 0®(z) / 0z as given, without
providing an expression for it.

(c) An alternative to the Extended Kalman filter is the particle filter. What is the
merit of adopting the particle filter in this case 7 In other words, why would you
advocate to use the particle filter, rather than the extended Kalman filter ?

Note : the standard Kalman filter equations for the linear Gaussian state space model
Yt = Zy - oy + € and a1 = Ty - oy + Ry(; are given by

V¢ = Yt — Ztat, Ft = ZtPtZ£ + Ht,
K, = T,PZF,
a1 = Tiay + Ky, P = TRT, - KK, + R.Q.R;,

fort =1,...,n and initial values a; and p;, where H; and (); are the variance matrices
for ¢; and (;, respectively.




