
Department of Mathematics Exam “Stochastic Processes for Finance”

Vrije Universiteit February 2, 2006

Give your answers in English.
It is not allowed (nor useful) to use calculators.
Good luck!

1. (Arbitrage arguments)

Consider a world in which a stock is traded which has price St at time t and in
which there is a bank with fixed interest rate r, i.e. 1 euro at time t grows to exp(rt)
euros at time t. Money can be borrowed at the same rate.

In this world, consider a derivative which at a predetermined time T in the future,
pays to the owner the amount ST if ST ≤ K and 2K − ST if ST > K, where K is a
fixed number.

(a) Construct a self-financing portfolio consisting of call options, put options and
money in the bank, which replicates the pay-off of this derivative. (Specify the
strike prices and expiry times of the options in the portfolio.)

(b) Using the answer of part (a) and an arbitrage argument, express the value of
the derivative at time t in terms of the prices of certain call and put options
and the interest rate.

2. (Discrete-time martingales)

In this exercise time is discrete, (Fn) is a given filtration. Show that if X is a
predictable process and M is a martingale, then the process Y defined by

Yn =
n∑

k=1

Xk(Mk −Mk−1)

is a martingale as well.

3. (Random walk)

Let S be the simple random walk. This means that S0 = 0 and Sn = X1 + · · ·+Xn,
where the Xi’s are independent and P(Xi = 1) = P(Xi = −1) = 1/2.

(a) Show that the process S is a martingale with respect to its natural filtration.

(b) Show that the process Mn = S2
n
−n is a martingale with respect to the natural

filtration of S.

4. (Brownian motion)

Let W be a Brownian motion and a a real number. Denote the natural filtration of
W by (Ft).



(a) Show that (Wt+1 −W1)t≥0 is a Brownian motion.

(b) Using Itô’s formula, show that the process X defined by Xt = W 2
t
− at is

martingale with respect to (Ft) if and only if a = 1.

(c) Consider Yt = f(t,Wt) for a smooth function f . What partial differential
equation must f satisfy for Y to be a martingale?

5. (Black-Scholes)

Let B and S be the bond and stock price processes in a Black-Scholes market. These
are assumed to satisfy Bt = exp(rt) and St = exp(µt+ σWt), where r > 0, µ and σ
are given numbers and W is a Brownian motion. Consider a portfolio (ϕ,ψ), where
ϕt is the number of stocks held at time t and ψt the number of bonds. Suppose that

ϕt =
∫

t

0
Su du and ψ0 = 0. Determine ψt in such a way that the portfolio becomes

self-financing.

6. (Silly stock market model)

Consider a world in which a stock is traded with price process St = Wt + t, where
W is a Brownian motion under the real-world probability measure P, and with a
bank with zero interest. Let T > 0 and let C = f(ST ) be a European claim with
value Vt at time t.

(a) Explain why the the process St is a Brownian motion under the martingale
measure Q.

(b) Give an integral expression for the price V0 of the derivative at time 0.

7. (Hull-White)

In the Hull-White model the short rate is assumed to satisfy, under the martingale
measure Q, the SDE

drt = (θ(t) − art) dt+ σ dWt,

where W is a Brownian motion, a, σ are constants and θ is a deterministic function.

(a) Apply Itô’s formula to exp(at)rt to express exp(at)rt − r0 as the sum of a
stochastic integral and an ordinary integral.

(b) Using the answer of part (a), determine, for a fixed t ≥ 0, the distribution of
rt under Q.
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