
Resit Exam Statistical Methods

Vrije Universiteit Amsterdam, Faculty of Science

18.45 – 21.30h, February 22, 2023

• In general: always motivate your answers and write down your calculations precisely.

• Write your answers in English.

• Only the use of a simple, non-graphical, non-programmable calculator is allowed.

• On the last five pages of the exam, you can find some helpful formulas and tables.

• The total number of points you can receive is 70: Grade = 1 +
points

7.77
.

• The division of points per question and subparts is as follows:

Question 1 2 3 4 5 6

Part a) 3 3 2 2 1 3
Part b) 3 3 2 2 8 8
Part c) 3 2 2 2 3 3
Part d) – 3 2 6 – 2
Part e) – – 2 – – –

Totals 9 11 10 12 12 16

• If you are asked to perform a test, do not only give the conclusion of your test, but report:

1. the hypotheses in terms of the population parameter of interest;

2. the significance level;

3. the test statistic and its distribution under the null hypothesis
(for which it is also important to check whether the conditions are met!);

4. the observed value of the test statistic;

5. the P -value or the critical value(s)
(if a question states which method you should use, you are not free to choose);

6. whether or not the null hypothesis is rejected and why;

7. finally, phrase your conclusion in terms of the context of the problem.

Good luck!
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1. Ava and Eve are identical twin sisters, but Ava tells the truth with a probability of 0.75 and Eve
tells the truth with a probability of 0.25 (independently of each other). Suppose you meet one of
them on the street. Without any additional information, it is Ava or Eve, each with a probability
of 50%. However, when you ask her: “Are you Ava?”, she replies with “Yes”. Solve the following
problems.

a) For an encounter with a randomly selected sister, find the probability that the person you
have met will reply with “Yes” to the question “Are you Ava?”. Note: you are not required
to model the probability space.

b) Find the conditional probability that you have truly encountered Ava taking into account that
the encountered sister had replied with “Yes” to the question “Are you Ava?”. Note: if you
were not able to solve a), you may use for part b) the wrong probability P (A) = 0.61.

c) Find the probability to encounter Eve and that the encountered sister replies with “No” to
the question “Are you Ava?”.

Note: always state which theorems/laws you use, and explicitly write down your calculations.
Also write down the formulas you are using, so that your usage of them is comprehensible.

2. Suppose that a (very) small telecom company hires you to analyze their call center – in particular
the waiting times for the customers who call. The call center consists of only four employees with
initials A., B., C., and D.; for simplicity, we assume that they are working around the clock, without
taking breaks, tiring, taking holidays etc. A customer who calls will be connected to A., B., C.,
and D., with the probabilities 10%, 25%, 30%, and 35%, respectively. In half of the cases, each
employee needs exactly 10 minutes to solve a case. In the other half of the cases, A., B., C., and
D. need 40, 20, 15, and 5 minutes, respectively.

a) Determine the probability space that models the waiting time of a customer who calls.

Tip: you could, for example, fill an appropriate table for the probabilities related to the different
waiting times. But still provide explicit calculations that show how you derived them in detail.

b) Calculate the expected waiting time for a customer.

Note: only if you were not able to find the probabilities in a), make up some probabilities to
proceed with part b), but do not choose too trivial probabilities.

c) Suppose that 10,000 customers call per year. Find an approximation for the sample average
of exactly those 10,000 customer waiting times.

d) For the 10,000 customers mentioned in part c), find an approximation for the sampling dis-
tribution of the random variable that models the average of those 10,000 customer waiting
times. Use that the standard deviation of the waiting time of a single customer is σ ≈ 7.66.

Note: only if you were not able to find the expected value in b), you could use the wrong number
22.5 as the expected waiting time of one customer in c) and d).

Note: always state which theorems/laws you use, and explicitly write down your calculations.
Also write down the formulas you are using, so that your usage of them is comprehensible.
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3. This exam question touches upon miscellaneous topics of the course.

a) Name and describe two sampling techniques for collecting data for a study.

Note: we will not judge here how useful or appropriate these techniques are.

b) Describe what a histogram is and what kind of data it can illustrate.

c) For a normally distributed random variable X with mean µ = −3 and standard deviation
σ = 2, find the probability that X is bigger than −2.5.

d) Describe in your own words the main differences between normal distributions and chi-squared
distributions.

e) Describe in your own words what p-values are and what they are used for.

Note: always state which theorems/laws you use, and explicitly write down your calculations.
Also write down the formulas you are using, so that your usage of them is comprehensible.

4. In many parts of the world, including the UK, tea is a big deal, and in particular, it matters whether
one pours the milk first in the cup and after that the tea, or the tea first and then add the milk. A
British lady claims to be able to tell whether the milk or the tea was added first to her teacup. To
test this, she was given 30 cups of tea, of which 15 had milk added first and 15 had tea added first.
The lady had to choose which were which. She did not know the number of cups that had milk or
tea put in first, and she was not told of success along the way. Her guesses are in the contingency
table below.

actual
first poured milk tea

guessed
milk 10 3 13
tea 5 12 17

15 15 30

a) Which test should be used to test her claim that she can tell whether milk or tea was poured
first in her teacup?

Suppose that instead we want to investigate the null hypothesis: “The actual and guessed first pours
of milk and tea are independent.” against the undirected alternative hypothesis of dependence.

b) Compute the table of expected frequencies in case the null hypothesis is true.

c) To test the above-stated hypotheses, certain requirements have to be met. Describe the
requirements and whether they are met.

d) Perform a suitable test to test the above-stated hypotheses. Take significance level α = 0.01.
You don’t have to restate the hypotheses.
(See the first page of this exam for detailed instructions about testing.)

5. A couple of years ago, a company started making smartphones which are as sustainable and fair
(e.g. without child labour) as possible. Let’s call the product NicePhone. The company grew and
extended to many countries in Europe, and now wants to investigate how many people who own
a smartphone are aware of the existence of the brand NicePhone. For this analysis, the researcher
asked 150 German and 200 Dutch citizens which were randomly chosen and own at least one
smartphone. In the German sample, 29 people knew the brand NicePhone; in the Dutch sample, 64
people knew the brand NicePhone. Let p1 denote the proportion of smart phone users in Germany
who know the brand NicePhone, and let p2 denote the proportion of smart phone users in the
Netherlands who know the brand NicePhone.

a) Give, based on the data, a point estimate for the difference between the proportions of smart
phone users who know the brand NicePhone in Germany and in the Netherlands.
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b) Perform a suitable test to investigate the claim that there is a difference in the proportions of
smart phone users who know the brand NicePhone between Germans and Dutch people. Take
significance level α = 0.01.
(See the first page of this exam for detailed instructions about testing.)

c) In general, what are the differences in testing population proportions and population means
(both in two samples), i.e., how are the statistical tests different from one another? Explain
at least three differences.

6. During the pandemic, lecture videos were made about the different topics of a course. The lecturer
wants to investigate whether the number of questions asked by students on Canvas about a video
depends on the length of the video. The number of questions and the length of a video were
measured for 30 videos and stored in the respective data set y and x. A linear regression analysis
was carried out with explanatory variable ‘length’ and response variable ‘number of questions’.
Some characteristics of the data that you may or may not use are:

x = 136.701, y = 39.325, sx = 26.047, sy = 11.700,

sb0 = 10.859, sb1 = 0.078, r = 0.392,

√
1− r2

n− 2
= 0.174.

Furthermore, a scatter plot of the number of questions against the length of a video and the ‘best-
fit’ line, as well as a normal QQ plot of the residuals of a linear regression of ‘number of questions’
on ‘length’ are shown in Figure 1.
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Figure 1: Scatter plot and normal QQ plot of residuals.

a) Based on these data, give the least-squares estimates of the slope and the intercept of the
regression line.

b) Perform a suitable test to investigate the claim that the slope parameter is β1 = 0. Take
significance level α = 0.05. (See the first page of this exam for detailed instructions about
testing.)

c) Explain in general: What are normal QQ plots, i.e., what do they display and what kind of
conclusions can be drawn from them?

d) What does the QQ plot in Figure 1 tell us?
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Formulas and Tables for Exam Statistical Methods

Probability
We use the following notation:
Ω sample space, P probability measure.
B,A1, A2, . . . , Am events,
A1, A2, . . . , Am a partition of Ω with P (Ai) > 0 for all i ∈ {1, 2, . . . ,m}.

Law of Total Probability : P (B) =

m∑

i=1

P (B ∩Ai) =

m∑

i=1

P (B|Ai)P (Ai).

Bayes’ Theorem: P (Ar|B) =
P (Ar ∩B)

P (B)
=

P (B|Ar)P (Ar)∑m
i=1 P (B|Ai)P (Ai)

.

One sample testing
(i) If σ is known and certain requirements are met, the test statistic Z =

Xn − µ0

σ/
√
n

has a standard

normal distribution under the null hypothesis. The margin of error for the (1− α) % confidence interval
for the true population mean µ is E = zα/2σ/

√
n.

(ii) If σ is unknown and certain requirements are met, the test statistic T =
Xn − µ0

Sn/
√
n

has a t-dis-

tribution with n− 1 degrees of freedom under the null hypothesis. The margin of error for the (1−α) %
confidence interval for the true population mean µ is E = tn−1,α/2sn/

√
n.

(iii) If certain requirements are met, the test statistic Z =
P̂n − p0√
p0(1−p0)

n

has a standard normal dis-

tribution under the null hypothesis. The margin of error for the (1 − α) % confidence interval for the
true population proportion p is E = zα/2

√
p̂n(1− p̂n)/

√
n.

Two independent samples
(i) If σ1 and σ2 are unknown, σ1 ̸= σ2, and certain requirements are met, the test statistic

T2 =
(X1 −X2)− d0√
S2
1/n1 + S2

2/n2

,

where d0 is the hypothetical difference of µ1 and µ2 under H0, has a t-distribution with approximately ñ
degrees of freedom under the null hypothesis.
We use the conservative estimate ñ = min{n1 − 1, n2 − 1}.
The margin of error for the (1 − α) % confidence interval for the true difference in population means,
µ1 − µ2, is E = tñ,α/2

√
s21/n1 + s22/n2.

(ii) If σ1 and σ2 are unknown, σ1 = σ2, and certain requirements are met, the test statistic

T eq
2 =

(X1 −X2)− d0√
S2
p/n1 + S2

p/n2

where d0 is the hypothetical difference of µ1 and µ2 under H0, has a t-distribution with n1 + n2 − 2
degrees of freedom under the null hypothesis.
Here S2

p is the pooled sample variance given by

S2
p =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
.



The margin of error for the (1 − α) % confidence interval for the true difference in population means,

µ1 − µ2, is E = tn1+n2−2,α/2

√
s2p/n1 + s2p/n2.

(iii) If certain requirements are met, the test statistic

Zp =
(P̂1 − P̂2)− d0√

P (1− P )/n1 + P (1− P )/n2

,

where d0 is the hypothetical difference of p1 and p2 under H0, approximately has a standard normal
distribution under the null hypothesis.
Here P = (X1 +X2)/(n1 + n2) is the pooled sample proportion.
The margin of error for the (1−α) % confidence interval for the true difference in population proportions,
p1 − p2, is E = zα/2

√
p̂1(1− p̂1)/n1 + p̂2(1− p̂2)/n2.

Two dependent samples
If certain requirements are met, the test statistic

Td =
D − d0
Sd/

√
n
,

where d0 is the hypothetical difference of µ1 and µ2 under H0, has a t-distribution with n− 1 degrees of
freedom under the null hypothesis.
The margin of error for the (1 − α) % confidence interval for the true difference in population means,

µ1 − µ2, is E = tn−1,α/2

√
s2d/n.

Correlation
If certain requirements are me, the test statistic Tρ =

R√
(1−R2)/(n− 2)

has a t-distribution with

n− 2 degrees of freedom under the null hypothesis that the population correlation is equal to zero.

Linear regression
Let b0 and b1 respectively be the corresponding estimators of the unknown intercept and slope of a linear
regression model with one explanatory variable. Then b0 and b1 are given by

b1 = r
sy
sx

and b0 = ȳ − b1x̄.

If certain requirements are met, then the test statistic Tβ =
b1
sb1

has a t-distribution with n− 2

degrees of freedom under the null hypothesis that the population slope is equal to zero.

Goodness-of-Fit or Test of Independence/Homogeneity
If there are k different categories, or the contingency table has r rows and c columns, and certain

requirements are met, then the test statistic X2 =
∑

i

(Oi − Ei)
2

Ei
approximately has a chi-square

distribution with k − 1 or (r − 1)(c− 1) degrees of freedom, respectively, under the null hypothesis.






