
Final Exam Statistical Methods

Vrije Universiteit Amsterdam, Faculty of Exact Science

8:30 – 11:15h, December 20, 2022

• In general: always motivate your answers.

• Write your answers in English.

• Only the use of a simple, non-graphical, non-programmable calculator is allowed.

• It is allowed to use scrap paper handed out by the invigilators; ask for more if needed.

• On the last three pages of this exam, some formulas and tables that you may want to use can be found.

• The total number of points you can receive is 60; Grade = 1 +
points

62
3

.

• The division of points per question and subparts is as follows:

Question 1 2 3 4 5

Part a) 2 2 2 3 1
Part b) 2 3 8 3 3
Part c) 3 7 2 7 4
Part d) 2 6

Total 7 14 12 13 14

• Always write down the formula that you are using before you insert the numbers.

• If you are asked to perform a test, do not only give the conclusion of your test, but report:

1. the hypotheses in terms of the population parameter of interest;

2. the significance level;

3. the test statistic and its distribution under the null hypothesis;
(for this, also check the conditions for the test to be valid!)

4. the observed value of the test statistic;

5. the P -value or the critical value(s)
(unless otherwise asked of you, you are free to choose);

6. whether or not the null hypothesis is rejected and why;

7. finally, phrase your conclusion in terms of the context of the problem.

Good luck!
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1. In The Netherlands, there have been many discussions about how to celebrate Sinterklaas in the last
couple of years. Still, many people think the Sinterklaasfeest is an important part of Dutch tradition:
among 1600 randomly surveyed Dutch citizens, 1090 replied that they feel that way.

a) Describe and justify the sampling distribution of the random variable P̂1600 which models the
sample proportion of Dutch citizens who feel that Sinterklaas is an important part of Dutch
tradition.

b) Based on the sample, derive the 95% confidence interval for the population proportion of Dutch
citizens who feel that Sinterklaas is an important part of Dutch tradition.

c) In order to prepare another study about the popularity of Sinterklaas in 2023, we would like to
ensure that the 95% confidence interval has a width of at most 0.04. Find the smallest sample
size for which this is guaranteed.

2. Obesity is an increasing social and medical challenge. Medical doctor L. de Heide does research into
appetite-reducing medication in the northern region of Friesland. The weight of adult males who are
admitted to the hospital where he works is approximately normally distributed with mean 112 kilo’s
and standard deviation 10 kilo’s.

a) A group of three adult males who are admitted to dr. De Heide’s hospital is randomly selected
and their weight is measured. Compute the probability that the mean weight of this group is
higher than 130 kilo’s.

A diabetes drug that decreases the appetite - metformin - has been prescribed to a group of 35
patients who are severly overweight. The weight of these 35 patients was measured after 12 months
use of metformin, and stored in the dataset X1. The patients had a mean weight of x̄1 = 158 kilo’s with
a standard deviation of s1 = 7.4 kilo’s. Dr. De Heide compared this to another group of 35 patients
who are severely overweight but who had not used metformin, of which the weight was measured and
stored in dataset X2. These patients had a mean weight of x̄2 = 163 kilo’s with a standard deviation
of s2 = 6.2 kilo’s. The two treatment groups were obtained by randomization.

b) What hypothesis test should be used to investigate whether metformine is effective for weight
loss? State the requirements of this test. Are the requirements met?

c) Perform the hypothesis test from part b). Take significance level α = 0.01. (See the first page of
this exam for detailed instructions about testing.)

d) Are the data in this experiment paired or unpaired? Would you design the experiment differently
in this regard and why (not)?

3. We wish to analyze differences between Computer Science (CS) and Artificial Intelligence (AI) students
with regard to their fondness for programming. Suppose for simplicity that each student either likes
or dislikes writing computer programs. Let p1 be the proportion of CS students that like to program,
and let p2 be the proportion of AI students that like to program. Suppose we randomly asked 40
CS students and 36 AI students. Thereof, 30 CS students and 24 AI students replied that they like
programming.

a) Find a 90% confidence interval for the difference p1−p2 in the population proportions of students
who like programming.

b) The teacher of the CS course on Statistical Methods claims that CS students are more fond of
programming than AI students. Investigate this claim by means of an hypothesis test; use the
significance level α = 5%. (See the first page of this exam for detailed instructions about testing.)

c) Argue whether the critical value method and the p-value method would result in the same test
outcome in b).
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4. Sinc Elon Musk took over, many people left twitter and opened accounts on other platforms such as
Mastodon. Many of them however did not delete their twitter account. Some of them just continued
posting tweets (we call them active users), others stopped tweeting but kept reading other people’s
tweets (we call them passive users). By means of a suitable chi-squared test, we want to investigate
whether the proportions of active vs. passive users changed after Elon Musk’s take-over. The con-
tingency table below shows the number of twitter users surveyed before and after the take-over and
categorized into active and passive users.

active users passive users

before take-over 526 396 922
after take-over 537 504 1041

1063 900 1963

a) Argue whether this concerns a chi-squared test for homogeneity or a test for independence of
variables? Formulate the null and alternative hypothesis.

b) Compute the expected frequencies table under the assumption that the null hypothesis is true,
and show that the requirements of the test are met.

c) Perform the test from part a). Take significance level α = 0.01. (See the first page of the exam
for detailed instructions about testing.)

5. A docent at the VU likes the use of online polls during his lectures to organize short quizzes about the
lecture content. Even though neither all students physically attend the lectures nor do all attending
students take part in the quizzes, the teacher is still interested in the relationship between the total
quiz score of the students and their overall course grades. So his sample consists of a random selection
of 38 students who attended the lectures and took part in all Mentimeter quizzes and in the exams.
The following statistics summarize the sample numerically:

average quiz score x38 = 3991.751, average overall grade y38 = 7.673,
sample standard deviations of quiz scores, sx = 196.544, and of overall grades, sy = 1.011,
sample linear correlation coefficient between scores and overall grades, r = 0.393,
estimated standard deviation of the intercept estimator b0 in a linear regression model, sb0 = 3.148.
estimated standard deviation of the slope estimator b1 in a linear regression model, sb1 = 0.00079.
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Figure 1: Scatterplot, residual plot, and normal QQ-plot for the Grades and Scores data.

a) How much of the variation (in %) among the overall grades can be explained by the quiz scores?

b) Calculate estimates of the coefficients in a linear regression model for explaining the overall grades
by means of the quiz scores.
Also present the resulting linear regression equation, including the error term and its description.

c) In order to test within a linear regression model whether the quiz scores have an influence on the
overall grades, several assumptions need to be checked. State which assumptions in general can
be checked with the help of Residual and QQ-plots and use the middle and right plot of Figure 1
to judge whether these assumptions are satisfied for the given dataset.

d) Use a linear models-based hypothesis test to check whether quiz scores are related to overall
grades. Use α = 5%. (See the first page of the exam for detailed instructions about testing.)
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Formulas and Tables for Exam Statistical Methods

One sample testing
(i) If σ is known and certain requirements are met, the test statistic

Z =
Xn − µ0

σ/
√
n

has a standard normal distribution under the null hypothesis.
The margin of error for the (1−α) % confidence interval for the true population mean µ is E = zα/2σ/

√
n.

(ii) If σ is unknown and certain requirements are met, the test statistic

T =
Xn − µ0

Sn/
√
n

has a t-distribution with n− 1 degrees of freedom under the null hypothesis.
The margin of error for the (1 − α) % confidence interval for the true population mean µ is E =
tn−1,α/2sn/

√
n.

(iii) If certain requirements are met, the test statistic

Z =
P̂n − p0√
p0(1−p0)

n

has a standard normal distribution under the null hypothesis.
The margin of error for the (1 − α) % confidence interval for the true population proportion p is
E = zα/2

√
p̂n(1− p̂n)/

√
n.

Two independent samples
(i) If σ1 and σ2 are unknown, σ1 ̸= σ2, and certain requirements are met, the test statistic

T2 =
(X1 −X2)− d0√
S2
1/n1 + S2

2/n2

,

where d0 is the hypothetical difference of µ1 and µ2 under H0, has a t-distribution with approximately ñ
degrees of freedom under the null hypothesis.
We use the conservative estimate ñ = min{n1 − 1, n2 − 1}.
The margin of error for the (1 − α) % confidence interval for the true difference in population means,
µ1 − µ2, is E = tñ,α/2

√
s21/n1 + s22/n2.

(ii) If σ1 and σ2 are unknown, σ1 = σ2, and certain requirements are met, the test statistic

T eq
2 =

(X1 −X2)− d0√
S2
p/n1 + S2

p/n2

where d0 is the hypothetical difference of µ1 and µ2 under H0, has a t-distribution with n1 + n2 − 2
degrees of freedom under the null hypothesis.
Here S2

p is the pooled sample variance given by

S2
p =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
.

The margin of error for the (1 − α) % confidence interval for the true difference in population means,



µ1 − µ2, is E = tn1+n2−2,α/2

√
s2p/n1 + s2p/n2.

(iii) If certain requirements are met, the test statistic

Zp =
(P̂1 − P̂2)− d0√

P (1− P )/n1 + P (1− P )/n2

,

where d0 is the hypothetical difference of p1 and p2 under H0, approximately has a standard normal
distribution under the null hypothesis.
Here P = (X1 +X2)/(n1 + n2) is the pooled sample proportion.
The margin of error for the (1−α) % confidence interval for the true difference in population proportions,
p1 − p2, is E = zα/2

√
p̂1(1− p̂1)/n1 + p̂2(1− p̂2)/n2.

Two dependent samples
If certain requirements are met, the test statistic

Td =
D − d0
Sd/

√
n
,

where d0 is the hypothetical difference of µ1 and µ2 under H0, has a t-distribution with n− 1 degrees of
freedom under the null hypothesis.
The margin of error for the (1 − α) % confidence interval for the true difference in population means,

µ1 − µ2, is E = tn−1,α/2

√
s2d/n.

Correlation
If certain requirements are me, the test statistic

Tρ =
R√

(1−R2)/(n− 2)

has a t-distribution with n− 2 degrees of freedom under the null hypothesis that the population correla-
tion is equal to zero.

Linear regression
Let b0 and b1 respectively be the corresponding estimators of the unknown intercept and slope of a linear
regression model with one explanatory variable. Then b0 and b1 are given by

b1 = r
sy
sx

and b0 = ȳ − b1x̄.

If certain requirements are met, then the test statistic

Tβ =
b1
sb1

has a t-distribution with n− 2 degrees of freedom under the null hypothesis that the population slope is
equal to zero.

Goodness-of-Fit or Test of Independence/Homogeneity
If there are k different categories, or the contingency table has r rows and c columns, and certain
requirements are met, then the test statistic

X2 =
∑

i

(Oi − Ei)
2

Ei

approximately has a chi-square distribution with k− 1 or (r− 1)(c− 1) degrees of freedom, respectively,
under the null hypothesis.






