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• In general: always motivate your answers.

• Write your answers in English.

• You are allowed to use only a simple, non-graphical, non-programmable calculator.

• The exam is closed-book. Some formulas and tables are available on the last 2 pages of this exam.

• The total number of points available is 40.5 and your midterm grade is the number between 1 and

10 determined as Grade = 1 +
points

4.5
.

• The points are awarded for each question and its parts as follows:

Question 1 2 3 4 5

Part a) 2 2 3 2 3
Part b) 2 1.5 3.5 4 2.5
Part c) 2 3.5 2.5 2 3
Part d) 2 – – – –

Total 8 7 9 8 8.5

1. Explain why the following statements are wrong, and reformulate them in a way, such that the
statement about convenience sampling, probabilities of unions of events, right-skewed samples, and
independence is correct.

a) A convenience sample is generally representative for the whole population one is interested in.

b) The probability of the union of the events A and B, i.e. A ∪ B, is equal to the sum of the
probabilities P (A) + P (B).

c) For right-skewed samples, there are typically many observations much smaller than the sample
median, rather than observations which are much greater than the sample median.

d) Two independent events are always disjoint but two disjoint events are not necessarily
independent.

2. A game similar to the game Wordle asks the player to guess a 5-letter word. In each round of
the game, it is displayed how many and which of the just-typed letters are at the correct position
(highlighted in dark grey: A) and which letters appear in the word but are at a wrong position
(highlighted in light grey: A).

In the following, we assume for simplicity that the 26 ‘regular’ letters A-Z are used and that also
non-existent 5-letter words (like ‘AAAAA’) can be solution words. All letters (at each position)
are assumed equally likely.

a) Give the sample space Ω and the probability measure P for the first round of the game.
Hint: because there are too many possibilities, think of an economically feasible way to
summarize the sample space.
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b) Suppose that, after 4 rounds of the game, the following intermediate result has been established:

G R A T E
(The first two letters, GR are highlighted in dark grey and the last three letters, ATE, are
highlighted in light gray.)
Find the conditional probability that the word will be correctly guessed in the next round,
given the available information.
Remember: also non-existent words are allowed.
Also, it is expected of you that all available information is used, e.g. that the first two letters
have already been found.

The game uses a scoring system which gives more points if the solution word is guessed in early
rounds of the game. The following table summarizes the scores depending on the round of the
game and also the (rounded) probabilities (determined from vast records) that the solution word
was guessed in a certain round (up to 6). If the word has not been guessed after round 6, the game
declares that the word has not been guessed at all and the game ends.

Round k of the game 1 2 3 4 5 6 not at all

Score for guessing the word in round k 1,000 500 200 50 10 1 0
Probability of guessing the word in round k 0 0.01 0.05 0.1 0.2 0.4 0.24

Let the random variable X model the score of the game.

c) Compute the expectation E(X) of X.

Note: for c), state the formula for the expected value that you are using.

3. Suppose that currently 1% of Dutch citizens is acutely infected with SARS-CoV-2. Furthermore,
suppose there is an antigen test which correctly detects an actual infection (result: “positive”)
with a probability of 95% (sensitivity). If one does actually not have the virus, the test correctly
confirms this (result: “negative”) with a probability of 98% (specificity).

Suppose we ask a randomly selected person to apply the antigen test to him-/herself.

a) Compute the probability that the test result is positive.

b) If the test result was positive, compute the conditional probability that this person is indeed
infected.

c) Calculate the probability that, for two independent tests applied to the same actually infected
person, one of the tests is negative and the other is positive.

Note: always name the formulas or theorems that you are using, if they have a name, and repeat
the formulas in the way you are using them.

4. The computer science student Jake is a board game fan. He would like to calculate or approximate
some probabilities and other important parameters that are relevant for his favorite board game.
Rolling 6’s on a fair 6-sided die plays a major role in this: in particular, each roll of a 6 gives a
score of 1, whereas all other die roll outcomes give a score of 0.

a) After 100 independent rolls of the fair die, indicate and motivate what is approximately the
average score obtained per die roll.

b) After 100 independent rolls of the fair die, calculate the (approximate) probability that the
average score is less than 0.1.
Tip 1: you may use without further verification that the random variable

Xi = score obtained by the i-th die roll, i = 1, . . . , 100,

has a variance of σ2 = 5/36.
Tip 2: the result from a) also plays a role in finding the solution in b). If you were not able to
solve a), you may (wrongly) assume for solving b) that the answer in a) is 0.2.
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c) Unrelated to the previous questions:
find the probability that a standard normally distributed random variable is bigger than 1.24.

Note: always name the formulas or theorems that you are using, if they have a name, and repeat
the formulas in the way you are using them.

5. a) The two plots in Figure 1 below display two density functions each. Make qualitative
comparisons of densities 1 and 2 and also of densities 3 and 4 by pointing out the most
important similarities and differences.
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Figure 1: In each plot, two model distributions are compared.

b) Draw a boxplot that represents a random sample (of sufficiently large size) drawn from the
distribution illustrated by density4. Note: it is impossible to draw a completely accurate
boxplot; but the most important features should be visible.

c) What is a QQ-plot: Describe what’s on the axes, what you can check with a QQ-plot, and
how you can check that. In Figure 2 we see a normal QQ-plot. What can you conclude about
the tails of the data distribution shown in this plot.
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Figure 2: Normal QQ-plot. The labels of the axes are intentionally left blank, because that’s question 2c.
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Formulas and Tables for Exam Statistical Methods

Probability

We use the following notation:
Ω sample space, P probability measure.
B,A1, A2, . . . , Am events,
A1, A2, . . . , Am a partition of Ω with P (Ai) > 0 for all i ∈ {1, 2, . . . ,m}.

Law of Total Probability :

P (B) =

m∑

i=1

P (B ∩Ai) =

m∑

i=1

P (B|Ai)P (Ai).

Bayes’ Theorem:

P (Ar|B) =
P (Ar ∩B)∑m

i=1 P (B|Ai)P (Ai)
=

P (B|Ar)P (Ar)∑m
i=1 P (B|Ai)P (Ai)

.




