Midterm Exam Statistical Methods for CS (X_401020) and AI (XB_0080)
Vrije Universiteit Amsterdam, Faculty of Science
18.45 — 20.30h, November 21, 2022

In general: always motivate your answers.

Write your answers in English.

e You are allowed to use only a simple, non-graphical, non-programmable calculator.

e The exam is closed-book. Some formulas and tables are available on the last 2 pages of this exam.
e The total number of points available is 40.5 and your midterm grade is the number between 1 and
int
10 determined as Grade =1 + p(:g i
e The points are awarded for each question and its parts as follows:
Question | 1 2 3 14| 5
Part a) 2 2 13123
Part b) 2 1.5135|4]25
Part c) 2 35252 3
Part d) 2 - - |- -
Total 8 7 9 | 8185

1. Explain why the following statements are wrong, and reformulate them in a way, such that the
statement about convenience sampling, probabilities of unions of events, right-skewed samples, and
independence is correct.

a) A convenience sample is generally representative for the whole population one is interested in.

b) The probability of the union of the events A and B, i.e. AU B, is equal to the sum of the
probabilities P(A) + P(B).

c¢) For right-skewed samples, there are typically many observations much smaller than the sample
median, rather than observations which are much greater than the sample median.

d) Two independent events are always disjoint but two disjoint events are not necessarily
independent.

2. A game similar to the game Wordle asks the player to guess a 5-letter word. In each round of
the game, it is displayed how many and which of the just-typed letters are at the correct position
(highlighted in dark grey: A) and which letters appear in the word but are at a wrong position
(highlighted in light grey: A).

In the following, we assume for simplicity that the 26 ‘regular’ letters A-Z are used and that also
non-existent 5-letter words (like ‘AAAAA’) can be solution words. All letters (at each position)
are assumed equally likely.

a) Give the sample space €2 and the probability measure P for the first round of the game.
Hint: because there are too many possibilities, think of an economically feasible way to
summarize the sample space.



b) Suppose that, after 4 rounds of the game, the following intermediate result has been established:
GRATE
(The first two letters, GR are highlighted in dark grey and the last three letters, ATE, are
highlighted in light gray.)
Find the conditional probability that the word will be correctly guessed in the next round,
given the available information.
Remember: also non-existent words are allowed.
Also, it is expected of you that all available information is used, e.g. that the first two letters
have already been found.

The game uses a scoring system which gives more points if the solution word is guessed in early
rounds of the game. The following table summarizes the scores depending on the round of the
game and also the (rounded) probabilities (determined from vast records) that the solution word
was guessed in a certain round (up to 6). If the word has not been guessed after round 6, the game
declares that the word has not been guessed at all and the game ends.

Round k of the game ‘ 1 2 3 4 ) 6 not at all
Score for guessing the word in round k£ | 1,000 500 200 50 10 1 0
Probability of guessing the word in round & | 0 0.01 0.05 0.1 02 04 024

Let the random variable X model the score of the game.
¢) Compute the expectation E(X) of X.

Note: for c), state the formula for the expected value that you are using.

. Suppose that currently 1% of Dutch citizens is acutely infected with SARS-CoV-2. Furthermore,
suppose there is an antigen test which correctly detects an actual infection (result: “positive”)
with a probability of 95% (sensitivity). If one does actually not have the virus, the test correctly
confirms this (result: “negative”) with a probability of 98% (specificity).

Suppose we ask a randomly selected person to apply the antigen test to him-/herself.

a) Compute the probability that the test result is positive.
b) If the test result was positive, compute the conditional probability that this person is indeed
infected.

c¢) Calculate the probability that, for two independent tests applied to the same actually infected
person, one of the tests is negative and the other is positive.

Note: always name the formulas or theorems that you are using, if they have a name, and repeat
the formulas in the way you are using them.

. The computer science student Jake is a board game fan. He would like to calculate or approximate
some probabilities and other important parameters that are relevant for his favorite board game.
Rolling 6’s on a fair 6-sided die plays a major role in this: in particular, each roll of a 6 gives a
score of 1, whereas all other die roll outcomes give a score of 0.

a) After 100 independent rolls of the fair die, indicate and motivate what is approximately the
average score obtained per die roll.

b) After 100 independent rolls of the fair die, calculate the (approximate) probability that the
average score is less than 0.1.
Tip 1: you may use without further verification that the random variable

X; = score obtained by the i-th die roll, i=1,...,100,

has a variance of 0> = 5/36.
Tip 2: the result from a) also plays a role in finding the solution in b). If you were not able to
solve a), you may (wrongly) assume for solving b) that the answer in a) is 0.2.



c¢) Unrelated to the previous questions:
find the probability that a standard normally distributed random variable is bigger than 1.24.

Note: always name the formulas or theorems that you are using, if they have a name, and repeat
the formulas in the way you are using them.

5. a) The two plots in Figure 1 below display two density functions each. Make qualitative
comparisons of densities 1 and 2 and also of densities 3 and 4 by pointing out the most
important similarities and differences.
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Figure 1: In each plot, two model distributions are compared.

b) Draw a boxplot that represents a random sample (of sufficiently large size) drawn from the
distribution illustrated by density4. Note: it is impossible to draw a completely accurate
boxplot; but the most important features should be visible.

¢) What is a QQ-plot: Describe what’s on the axes, what you can check with a QQ-plot, and
how you can check that. In Figure 2 we see a normal QQ-plot. What can you conclude about
the tails of the data distribution shown in this plot.
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Figure 2: Normal QQ-plot. The labels of the axes are intentionally left blank, because that’s question 2c.



Formulas and Tables for Exam Statistical Methods

Probability

We use the following notation:

) sample space, P probability measure.

B, A, Ay, ..., A, events,

Ay, Ag, ..., Ay a partition of Q with P(A;) >0 for all ¢ € {1,2,...,m}.

Law of Total Probability:

P(B) = iP(B NA;) = iP(B\Ai)P(Ai)
Bayes’ Theorem:
P(4,1B) P(B|A,)P(A,)

P(A|B)

T ST P(BIA)P(A) T S, P(BIA)P(A)



L8L

57 660
9%k 960 03660 §/52
o' 060 100660 'SHO') Il
| o e ealy 810057
[POMLY  eouspyuog “uoiyejoda)ul Wy Nsal 1By} S8N[EA UOWLLIOD asay) asf),
sanep [Eo11ID UOWWIOD - “BaJe 31} 10} 6666°0 SN ‘6Y°S 9NOGR Z JO SAN[BA 104 T O
6666° | dnpueoge
8666 1666 1666 1666° 1666° 1666° 1666° 1666 1666 1666° ye
1666° 9666° 9666 9666 9666° 9666° 9666° 5666° 9666 9666 £t
9666 9666 9666 666" ¥666° 666 666 666 £666° £666° 28
£666° £666° 2666 2666 2666° 2666° 1666 1666° 1666 0666° ve
0666° 0666° 6866 6866 6966° 8866° 8366 1866° 1866 1866 0t
9866° 9866 4866 5966° 866" vas6 €866 2866° 2866° 1866° 62
1866° 0866° 6166 6.66° 866" 1066° 266 9266 566" pL66° 872
b266° £166° 266" 166" 0266 6966' 8966° 1966° 9966 5966 12
966" £966° 2966° 1966° 0966° 6566 166 9566° G966 866 92
, 2566° 166 ) 6b66 8y66° 9966° 596" £ve6° 1966° 0v66’ 8866 52
9866 pE6" 2666 tes6 6266' 1266° 5266° 2266 0266 8166 ve
9166 £166° 1166 6066° 9066 yo66’ 106" 8686° 9686° g686° &2
0686° 1886 vass 1886° 8/86° a6 1186 8986 $986° 1986° 22
1586° p586° 0586 986 2086° 8€86° pEss’ 0e86’ 9286 1286° 1z
1186 2186° 8086° £086° 8626 866" 836" 886 8LE 28 02
1906 1926 966 0546° b6 886 286 9246° 616' eLs 61
9046° 6696° €696 9896 8196° 1196 $996° 9996 6796 196 81
£696° 5296° 9196° 8096 6696 1656° 2856° £156" poge’ pege o
ap6 ce56° s256 SI96° s0s6° | S6re vae ey £96’ 256 91
1hv6° 625 816 9096° ¥6E6° 2866° 0u86 1586 Spes’ 2e86° g1
616 90€6° 2626 6126' 5926' 1526 926" 2226 1026 2616 bl
e 2016 16 1E16° SHiE' 6606 2806 9906° 6906° 2606 el
5106 1668 0868° 2968° b8’ o268 1068 8888’ 6988° oves’ z1
088’ 0188° 0628 0u8 608" 62.8° 80/8° 9898’ G908 £vo8’ v
" 1298 698" LS8 pe58° 1£58° 8058 sere 19v8° 8ere’ erve 01
688’ coe’ ovEg’ sieg’ 6828° poze’ 8ezg’ 2128 918" 691" 60
, gele 9018 8108 1508° £208° 5662° 1960° 6e6.° oL6L 1882° 80
2582 £28L° V6Ll b9LL° peLs poLL €92 oL Hor 085z’ 10
, 6v5L° s 989" o 2 68EL° 1562 yees 1620 iser 90
veel: 061" 151 €2HL 8802° b50L° 6102 S869° 0g69° si6 50
6189 vhay 8089 29 9829 0009° $999° 8299' 1699° pesy y0
L159° 08y9 erhy 909 8989° 1689’ £629 ase 129 619" £0
, TIEs €019’ p90 9200 1866 8Y6S" 0165° 1185 2888 e85 20
€805 phS 5195° 969" 9655° 1588 188" 8Lbs" 8EbS’ 86es Ko
" 65ES" Ble 6128 6ezs 661" 0915° oele 0808 0v0g° 0008° 00
| 60° 80 10 90 50 o €0 20 3 00 oz i

L7 0y} WoJj ey SAIBINWNG (DONLUAUOD) Z SCEL

| $9100S z HAILISOd

| so|qeL Xipuaddy

YsL
05000 74 ing
_ 00500 sl
BalYy 210057
I Eo_ym_on._au_.: W0J} JNsal ey} sanjeA UOWUIOd 8Say} 8sM .
(panujioo) “BaJR 8U} 10} 10000 8SN ‘BY°E MOJaq Z JO SaN[eA 104 :3LON
) [V4)a 189%° rely 192%" 108" 0yt 088" 0267 096% 0009 00— |
ey 982y’ Geer y9ey” Yoy 5244 £8yy’ sy 295t 209y Fo—
658¢€ 168¢ 9€6€" .68 gloy 2S0%° 0601 62Ly 891 L0y 4
£87€ 02se" 16G¢ ¥65¢ 2898 699¢" L1028 17258 €818 s 1o £0—
e 951¢e" c61E 8gee’ 92¢e" 00gg” 9gee” clee 607¢E Ll 70—
' 9/l¢ 0182 €182 1182 c16e 962 186¢ glLog 0s0¢€ G80¢" G0—
1sve €8V v15e 9se 8162 92 £v92 992 6022 evle 90—
b m.. 8yie 1112 9022 9€ee 9922 9622 . 1280 8G€T 68€C oeve A
1981 681" [44:1 661 L1161 5002 £602 1902 0602 6L1C 80—
“ (L] Se9l 099} G894 LRV AN 9Ly 88/} 8L [S2:1% 60—
6LE} [l4% eerl 144 69v} 44N SIGH 6E5} 2951 P 0=
) m OLLE 06} olel 0eeh 118 (VN 262t pier geel 18e1 Kl=
. G860" €001 020} 8€0}" 9G04 GL01 €60} CHHE LELE S A
£280° 8€80° £380° 6980 G880 1060 8160 €60 1660 8960 4
1890 690 80L0° 12L0 GeL0 6v.0° $920° 820 £6.0° 8080 -
6550 1260 2850 650 9090 8190 0£90° £790° G690 8990 G-
GGh0° S9%0° GLY0 G8Y0° G670 5 5050 9150 9250 pAS 1 850" 9l
1980 G/€0° 8€0° 2680 1ov0 6070 8140 Lev0 9e40° 9by0 L=
620" H0g0" L080° 180" 220’ 620 980 ¥re0 +GE0° 6SE0° gl
£€20° 6620 20 0520 9520 29¢0° 8920 120 1820 1820 6k
€810 8810 26L0 L1610 2020 1020 cheo L1120 (14418 82020 0z
5418 a0 0510 $510° 8610 290 9910 0410° VL0 6L10° Fe-
010 €HLO 910" 6LL0° 2’ erAtig 6210 2e’ 9gL0 BELO° [4ond
800 1800 6800 1600 600 9600 6600 2010 ¥010° 2010 £
7900 9900 8900 6900° 1200 €200 6200 800 0800 2800 e
8100 600 1500 25007 500 G600 1500 6500 0900 2900° g
9200 1800 8€00 6200 000 00 €00 00 S¥00 L¥00° 9T
9200 1200 8200 6200 0200 +€00 2£00° €600 €00 GE00" L'
6100 0200 1200 }e00 2200 £200° €200 ¥200 §200° 9200 i
100 100 G100 G100 9100 9100 1100 8100 8100 6100 62—
0100 0+00 F1L00 1400 F100 2H00 2100 €100 €400 €100 oe—
£000° 1000 8000 8000 8000 8000 6000 6000 6000 0400 Le=
Amoco. G000 5000 9000 9000 9000 9000 9000 2000 2000 ce-
£000 000 000" 000 000 000" 000 5000 6000 G000 £
2000 £000" €000 €000 €000 £000° €000 £000° £000 £000° ye—
: 13MO|
i +000 pue 0ge—
60° 80 0 90 S0 0 £0° c0 10 00 z
L4317 8U} Wou) BIY SAIEINWND UOANAMISIC (2) [BULON piepuels Z S1qeL
0

$9109S Z HALLVOIN

so|gel  Xipuaddy




