
Final Exam Statistical Methods

Vrije Universiteit Amsterdam, Faculty of Exact Sciences

15.15 – 18.00h, December 15, 2015

• Always motivate your answers.

• Write your answers in English.

• Only the use of a simple, non-graphical calculator is allowed.

• Programmable/graphical calculators, laptops, mobile phones, smart watches, books,
own formula sheets, etc. are not allowed.

• On the last four pages of the exam, some formulas and tables that you may want to use
can be found.

• The total number of points you can receive is 63: Grade = 1 +
points

7
.

• The division of points per question and subparts is as follows:

Question 1 2 3 4 5 6

Part a) 1 2 2 2 3 3
Part b) 2 2 8 8 2 1
Part c) 2 3 2 3 3 7
Part d) - - - - 3 4

Total 5 7 12 13 11 15

• If you are asked to perform a test, do not only give the conclusion of your test, but
report:

1. the hypotheses in terms of the population parameter of interest;

2. the significance level;

3. the test statistic and its distribution under the null hypothesis;

4. the observed value of the test statistic;

5. the P -value or the critical value(s);

6. whether or not the null hypothesis is rejected and why;

7. finally, phrase your conclusion in terms of the context of the problem.

Good luck!
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1. Assume that the body weight in a population is a normally distributed random variable
with unknown mean µ and unknown standard deviation σ. Suppose that the body
weight of 16 randomly selected people from that population is measured and that the
sample mean is x̄ = 73.34, and the sample standard deviation is s = 12.00.

a) Explain why you should use a t-distribution to construct a confidence interval for
µ.

b) A confidence interval for the unknown population mean µ is given by [68.081, 78.599].
Is the confidence level 95% or 90%?

c) What is the interpretation of this confidence interval, given your answer in part
b)?

2. Before the permanent closing of the helpdesk of Education Office VU Science, 100
randomly selected students of the Faculty of Exact Sciences (FEW) were asked whether
or not they like this change, and 77 students liked it. Let p be the proportion of
FEW-students who like the change.

a) Determine the usual point estimate p̂ of p.

b) Give the 90% confidence interval based on the results of the poll among the 100
students.

c) Use the estimate from part a) to determine the minimal number of students that
should be surveyed to obtain a 95% confidence interval with the same margin of
error as the confidence interval from part b). [If you cannot answer part b), use
E = 0.050. NB. This is not the correct value.]

3. In a study on the effects of social networking on cognitive skills two groups of 36 Face-
book users each were tested. Subjects in the first group were asked to deactivate their
accounts for two weeks; subjects in the second group did not alter their usual Facebook
activity. After two weeks, both groups were shown a 5 minute video clip and then asked
to answer some questions about the clip. The mean number of correctly answered ques-
tions was used to measure cognitive skills. For the first group the mean and standard
deviation of the number of correct answers were x̄1 = 7.98 and s1 = 1.07; for the second
group x̄2 = 8.82 and s2 = 2.20. Some other characteristics of the two samples that you
may or may not use are: d̄ = −0.84, sd = 2.30, sp = 1.73.

a) Are these matched-pair or independent samples?

b) Perform a test to investigate the claim that social networking has an effect on
cognitive skills. Take significance level α = 0.1. (See the first page of this exam
for detailed instructions about testing).

c) The test you performed in part b) should only be used if certain requirements are
met. What are these requirements and are they met in this case?

4. During one week in September 2015, The Dutch Cyclists’ Union (De Fietsersbond)
used an app called ‘App de Fiets!’ to collect various data about biking habits in the
Netherlands. For instance, it turned out that the daily average biking distance of the
users of the app is 5.56 km. Independent samples were taken of 240 users of the app
from the province of South Holland, and 300 from the province of North Holland. In

2



the South Holland sample, 49 people biked on average more than 5.56 km in one day;
in the North Holland sample, 77 people biked on average more than 5.56 km in one
day. Let p1 denote the proportion of app users in South Holland whose daily average
is higher than 5.56 km and let p2 denote the proportion of app users in North Holland
whose daily average is higher than 5.56 km.

a) Give based on the data a point estimate for the difference between the proportions
of app users in South Holland whose daily average exceeds 5.56 km and of app
users in North Holland whose daily average exceeds 5.56 km.

b) Perform a suitable test using the P -value method to investigate the claim that the
proportion of app users whose daily average exceeds 5.56 km is higher in North
Holland than in South Holland. Take significance level α = 0.05. (See the first
page of this exam for detailed instructions about testing).

c) What is ‘Type I error’? What is ‘Type II error’? Is any of the two errors related
to the significance level? How?

5. A statistics teacher asked 50 randomly selected students following her statistics courses
whether they prefer working in R with or without RStudio. In addition, she also asked
them whether they are Windows users or not. The results she found are presented in
the following table:

Windows other total

pure R 7 13 20
RStudio 18 12 30

total 25 25 50

a) Does this concern a test for homogeneity or a test for independence of variables?
Formulate the null and alternative hypothesis.

b) Compute the expected frequencies table under the assumption that the null hy-
pothesis is true.

c) Use part b) to show that the requirements for a suitable chi-square test are satisfied.
Give a formula of the chi-square test statistic and its distribution under H0.
(You do not have to calculate the value of the test statistic.)

d) The observed value of the test statistic is χ2 = 3.00. What is your conclusion for
significance level α = 0.05?

6. The new ICON E-Flyer is an electric bike, developed in the US, that can reach a speed
of 60 km/h. We wish to investigate how this maximum speed depends on the windspeed
in the opposite direction (in Bft). The maximum speed and the windspeed for 25 rides
were measured and stored in the respective dataset y and x. A linear regression analysis
was carried out with explanatory variable ‘windspeed’ and response variable ‘maximum
speed’. Some characteristics of the data that you may or may not use are:

x = 5.34, y = 43.37, sx = 1.60, sy = 3.68,

sb0 = 1.16, sb1 = 0.21, r = −0.90,

√
1 − r2

n− 2
= 0.091.
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Furthermore, a scatterplot of the maximum speed against the windspeed, as well as
other plots related to the regression analysis are shown in Figure 1.

a) Based on these data, give an estimate for the regression equation. What is the
predicted maximum speed for the windspeed of 5 Bft?

b) How much of the variation in the response variable can be approximately accounted
for by the explanatory variable, i.e., by the regression line?

c) Test the claim that the population linear correlation coefficient equals 0. Take
significance level α = 0.01. (See the first page of this exam for detailed instructions
about testing).

d) Suppose that you were to test the claim that β1 = 0. For this test certain require-
ments about the errors have to be met, and two of them can be verified with the
middle and right plot in Figure 1. What are these assumptions? Is it reasonable
to assume that they are indeed met?
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Figure 1: Scatterplot, residual plot, normal QQ plot of residuals.
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Formulas and Tables for Exam Statistical Methods

Two independent samples

(The statements below hold if certain requirements are met. You should always verify these
requirements first.)

For two independent samples,

(i) if σ1 and σ2 are unknown and σ1 6= σ2, the test statistic

T2 =
(X1 −X2)− (µ1 − µ2)√

S2
1/n1 + S2

2/n2

has a t-distribution with approximately ñ degrees of freedom under the null hypothesis. We
use the conservative estimate ñ = min{n1 − 1, n2 − 1}.

(ii) if σ1 and σ2 are unknown and σ1 = σ2, then the test statistic

T eq
2 =

(X1 −X2)− (µ1 − µ2)√
S2
p/n1 + S2

p/n2

has a t-distribution with n1 + n2 − 2 degrees of freedom under the null hypothesis. Here S2
p

is the pooled sample variance given by

S2
p =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
.

(iii) if p1 = p2, the test statistic

Zp =
(P̂1 − P̂2)− (p1 − p2)√

P (1− P )/n1 + P (1− P )/n2

approximately has a standard normal distribution. Here P = (X1 + X2)/(n1 + n2) is the
pooled sample proportion.

(iv) the margin of error for a 1− α confidence interval for p1 − p2 is given by

E = zα/2
√
p̂1(1− p̂1)/n1 + p̂2(1− p̂2)/n2.



Correlation

Under certain conditions the test statistic

Tρ =
R√

(1−R2)/(n− 2)

has a t-distribution with n − 2 degrees of freedom. Here r is the sample linear correlation
coefficient given by

r =
1

n− 1

n∑

i=1

[(xi − x̄)(yi − ȳ)

sxsy

]

and is viewed as the realization of the random variable R.

Linear regression
Let β0 be the unknown intercept and β1 the unknown slope of a linear regression model with
one explanatory variable, and let b0 and b1 be the corresponding estimators, i.e. the intercept
and slope of the regression line (the ‘best’ line). Then b0 and b1 are given by

b1 = r
sy
sx

and
b0 = ȳ − b1x̄.

If certain requirements are met, then the observed value

tβ =
b1 − β1
sb1

is a realization of the test statistic Tβ that under the null hypothesis has a t-distribution with
n − 2 degrees of freedom. Here sb1 is the standard error (i.e. estimated standard deviation)
of the estimator b1.






