
Final Exam Probability Theory

June 1 2018, 15.15-17.15

• This exam consist of five exercises and a table. You can obtain 36
points. Your grade is given by (4+number of points)/4.

• You may use a simple calculator, but it is not allowed to use a graphical
or a programmable calculator.

• Explain your answers clearly!

1. Let X and Y be continuous random variables with joint probability
density function

fX,Y (x, y) =

{
6e2xe5y if y ≤ 0 and x ≤ −y,
0 otherwise.

(a) [3 points] Show that the marginal density function of Y is given by

fY (y) =

{
3e3y if y ≤ 0,
0 otherwise.

(b) [3 points] Compute the marginal density function of X.
(c) [3 points] Show that E(X|Y = y) = −y − 1

2 , for y ≤ 0.
(d) [3 points] Compute E(X) using the results of (a) and (c).
(e) [4 points] Compute P (Y < X).

2. Let X and Y be independent random variables and suppose that the
density function of X is given by

fX(x) =

{
4
x5 if x > 1,
0 otherwise,

and that the density function of Y is given by

fY (y) =

{
2y if 0 ≤ y ≤ 1,
0 otherwise.

(a) [4 points] Compute the density function fZ(z) of Z := X +Y for the the
situation that 1 < z ≤ 2.
(b) [4 points] Compute Cov(X + 2Y,X − Y ).

3. [3 points] Let X be a continuous random variable with density function

fX(x) =

{
|x| if −1 ≤ x ≤ 1,
0 otherwise.

Compute the density function of Y := X2.
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4. Suppose that the durations of phone calls in a call center (measured in
minutes) are independent and exponentially distributed with parameter 1

10 .
We denote the duration (in minutes) of the first 100 phone calls in this center
today by X1, X2, . . . , X100. Recall that E(Xi) = 10 and that Var(Xi) = 100.
(a) [3 points] Use the central limit theorem to give an approximation of

P

(
X1 + X2 + · · ·+ X100

100
> 8.5

)
.

(b) [3 points] We count how many of the first 100 phone calls today have a
duration of less than 8 minutes and call this number Y . Give an approxima-
tion of P (Y < 50) that is based on the central limit theorem. Don’t forget
the continuity correction!

5. [3 points] How many times would you expect to roll a fair die until all
sides with an odd number have appeared at least once?

2



Table  

Area φ(x) under the standard normal curve to the left of x 

 

 


	Final Exam June 2018
	cdf normal

