
Final Exam Probability Theory

June 2 2017, 15.15-17.15

• This exam consist of five exercises and a table. You can obtain 36
points. Your grade is given by (4+number of points)/4.

• You may use a simple calculator, but it is not allowed to use a graphical
or a programmable calculator.

• Explain your answers clearly!

1. Let X and Y be continuous random variables with joint probability
density function

fX,Y (x, y) =

{
9x2y2 if 0 < y < 1 and −y ≤ x ≤ y,
0 otherwise.

(a) [3 points] Compute the marginal density function of X.
(b) [3 points] Show that the marginal density function of Y is given by

fY (y) =

{
6y5 if 0 < y < 1,
0 otherwise,

(c) [3 points] Show that E(X2|Y = y) = 3
5y

2, for 0 < y < 1.
(d) [3 points] Compute E(X2) using (b) and (c).
(e) [3 points] Compute the covariance between X and Y .

2. Let X and Y be independent random variables and suppose that the
density function of X is given by

fX(x) =

{
e−x+1 if x > 1,
0 otherwise,

and that the density function of Y is given by

fY (y) =

{
ye−y if y > 0,
0 otherwise.

(a) [3 points] Compute the density function of Z := X + Y .
(b) [3 points] Compute P (Y > X).

3. Let X be an exponentially distributed random variable with parameter
1
5 .
(a) [3 points] Explain what is meant by the statement that X is memoryless.

(b) [3 points] Compute the density function of Y := e−
X
5
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4. [3 points] Ten Business Analytics students and six Mathematics students
go for dinner and are randomly seated at a round table. Let X be the num-
ber of Business Analytics students for whom one neighbour is a Business
Analytics student and the other a Mathematics student. Compute E(X).

5. Let X1, . . . , X100 be independent standard normal random variables.
(a) [3 points] Compute

P

(
−1 ≤ X1 + X2 + X3 + X4

4
≤ 1

)
.

(b) [3 points] Let Y be equal to the number of indices i ∈ {1, 2, . . . , 100} for
which Xi > 0. Give an approximation of P (45 < Y ≤ 52) that is based on
the Central Limit Theorem, don’t forget the continuity correction!
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Table  

Area φ(x) under the standard normal curve to the left of x 
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