
Midterm Probability Theory

March 30, 2017, 12.00-14.00

• This midterm consists of five exercises and a table. You can obtain 36 points. Your
grade is given by (4+number of points)/4.

• You may use a simple calculator, but it is not allowed to use a graphical or a program-
mable calculator.

• Explain your answers clearly.

1. An urn contains 12 marbles of which 3 are red, 3 yellow, 3 green and 3 blue. We select
3 arbitrary marbles from this urn without replacement (and without order, so we take the 3
marbles at the same moment). Let A be the event that at least one of the marbles is yellow
and B be the event that at least one of the marbles is red.
(a) [2 points] Show that P (A) = P (B) = 34

55 .
(b) [2 points] Show that P (A∪B) = 10

11 by first computing the probability of the complement
of A ∪B.
(c) [3 points] Compute P (A ∩B) using the answers of (a) and (b).

We put the marbles back in the urn. We now select arbitrary marbles one by one from the
urn and without replacement, until we have obtained 2 red marbles in total. Let X be the
number of marbles we take and let C be the event that the second marble selected is red.
(d) [3 points] Compute P (X = 5).
(e) [3 points] Compute P (X = 3 | C).

2. Suppose an aircraft engine will fail in flight with probability 0 < p < 1 independently of
the plane’s other engines. Also suppose that a plane can complete the journey successfully if
at least half of its engines do not fail.
(a) [3 points] Consider a plane with five engines. Let X be the number of engines that fail
during the next flight. Give the probability mass function, the expectation, the variance and
the name of the distribution of X.
(b) [3 points] For what values of p is a four-engine plane preferable to a two-engine plane?

3 [3 points] We repeatedly toss a fair coin until we see ‘heads’. Let X be the number of tosses
we need. Compute the probability that X is a multiple of 3.

Please turn over!



4. Let X be a continuous random variable with density function

f(x) =

{
2
x2 if 1 ≤ x ≤ 2,
0 otherwise.

(a) [3 points] Compute P (1 < X < 5
4 | X < 3

2)
(b) [3 points] Compute Var(X).
(c) [3 points] Let Y := 1

X2 . Compute E(Y ).

5. For this exercise you need the table. Suppose the annual rainfall in Cleveland, Ohio, is
normally distributed with mean 40.2 inches and standard deviation 8.4 inches.
(a) [2 points] Compute the probability that next years rainfall will exceed 44.0 inches.
(b) [3 points] Let Y be the number of years it takes until we have observed an annual rainfall
of less than 38.0 inches. Compute E(Y ). Assume that if Ai is the event that the rainfall is
less than 38.0 inches in year i (from now), then the events Ai, i ≥ 1 are independent.
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