
Final Exam Probability Theory
May 27 2016, 15.15-17.15

• This exam consist of six exercises and a table. You can obtain 36
points. Your grade is given by (4+number of points)/4.

• You may use a simple calculator, but it is not allowed to use a graphical
or a programmable calculator.

• Explain your answers clearly!

1. Let X and Y be continuous random variables with joint probability
density function

fX,Y (x, y) =

{
2x2e−xy if 0 < x < 1 and y > 0,
0 otherwise.

(a) [3 points] Show that the marginal density function of X is given by

fX(x) =

{
2x if 0 < x < 1,
0 otherwise.

(b) [3 points] Show that E(Y |X = x) = 1
x , for 0 < x < 1.

(c) [2 points] Compute E(Y ).
(d) [3 points] Compute the covariance between X and Y .

2. Let X and Y be independent random variables and suppose that the
density function of X is given by

fX(x) =

{
e−x+1 if x > 1,
0 otherwise,

and that the density function of Y is given by

fY (y) =

{
ey if y < 0,
0 otherwise.

(a) [4 points] Compute the density function fZ(z) of Z := X + Y . It is
convenient to distinguish between z ≤ 1 and z > 1.
(b) [3 points] Compute Y > 2− 2X.

3. Let X1, X2, . . . , X225 be independent and identically distributed conti-
nuous random variables with E(Xi) = 2 and Var(Xi) = 25.
(a) [3 points] Give an approximation of P (300 < X1 + · · · + X225 < 480)
based on the central limit theorem.
(b) [3 points] Use the central limit theorem to find an a such that

P

(∣∣∣∣X1 + X2 + · · ·+ X225

225
− 2

∣∣∣∣ ≤ a

)
≈ 0.85

holds.
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4. [3 points] Six students attend a tutorial Linear Algebra. In the study
guide, five homework problems are listed for this tutorial. Suppose that each
student has prepared only one of these five problems and that this problem
is chosen randomly and independently of the choice of the other students.
Let X be the number of problems that are prepared by at least one student.
Compute E(X).

5. Let X and Y be independent random variables, both exponentially dis-
tributed with parameter 4.
(a) [3 points] Compute the density function of W := max(X,Y ).
(b) [3 points] Compute the density function of V := eY .

6. [3 points] Let X1, X2, . . . , X100 be independent normally distributed

random variables with E(Xi) = 1 and Var(Xi) = 4. Let V :=
X1 + · · ·X64

64

and W :=
X65 + · · ·X100

36
. Compute P (V < W ).
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