Resit Optimization under Uncertainty 4.2

22 March 2018, 12:00-14:45h

Problem 1 (10 Credits)

Let J € C? be such that the gradient is a bounded and Lipschitz continuous function and consider
the fixed € algorithm:
Oni1 =0, —eVoJ(6y). (1)

Suppose that 6, converges to some finite admissible 8* as n tends to infinity. Show that 0* is a
stationary point of J.

Answer Problem 1: Convergence of 6, to 8* implies

lim VyJ(6,) = 0.

n—o0

We have assumed that VgJ is Lipschitz continuous and thus continuous, which gives

0= lim VoJ(6,) = VoJ ( lim en> = Vo J(6%),

n—o0

and we conclude that 8* is a stationary point.

Problem 2 (total 30 Credits)

Consider the following reservoir model. Per time period the amount of inflowing fluid is I; and
the amount of outflowing liquid is O;. Let L; > 0 denote the level of the fluid in the reservoir at
the end of the t-th time period. Then,

Lt+1 = rnax(Lt + It - Ot, 0)

Assume that I; = I;(#) follows a Gamma(2,6~!) distribution, i.e., I; behaves like the sum of
two independent exponentially distributed random variables with mean 6 each, and that Oy is
log-normal distributed independent of I;. The cost for having an inflow at 6, is given by a 672
Let

J(0) = E[Ligs1| Lty = 1] + 672,

for some tg > 2 and [ > 0, and consider the problem
mein J(0).

In words, given the reservoir level is [ > 0, we want to regulate the inflow so that the expected
reservoir level at the end of the next time period is minimal.

You may assume that there is a unique stationary point to the function J(€) that provides
the location of the minimum.



. [b Credits] Compute the IPA estimator for V.J(6) (you don’t have to check unbiasedness).

. [5 Credits] Using the IPA estimator from (a) provide a descent algorithm for finding the

solution of the minimization problem.

. [b Credits] Letting €, = 1/(n+ 1), what properties have to checked for establishing a.s. con-

vergence of your algorithm to the location of the minimum?

. [15 Credits] Now assume that you are interested adjusting the fluid level to «a, that is, you

want to find 6* such that
]E[Lto-i-l’Lto = l] = a.

For this exercise we keep [ and t( fixed and we use simulation to find the “right” 6* for period
to + 1. Provide a descent algorithm and discuss sufficient condition for its convergence to
0*. You may assume that the solution 6* is asymptotically stable for your vector field G(6)
(which you will provide) and that G() is continuous and bounded. Moreover, assume that
Var(E[Ly+1|Lt, =1]) < ¢ for all n.

Answer Problem 2: (a) By assumption I; = I,(0) follows a Gamma(2,6~!) distribution,

therefore we may let

I(0) = X1(0) + Xa(0),

where X;(0) are independent exponential with mean 6. Then,

L1(0) = - (X2(0) + X2(0)) = 510,

Under the condition that Ly, = [, the IPA estimator becomes

%Lto—l-l = %It(9)1z+u(9)—0t20 —207°,
(b) Let
Y, =-— (éIt(g)lH—It(Q)—OtZO - 29_3) :
then

1 1 _
Opnt1 = 0p — 1 <91t(9)1z+1t(0)—0t20 — 20 3> )

(¢) The conditions to be checked are (i) unbiasedness of the algorithm, i.e.,

E[Y,|Frn-1] = VJ(0,)

and the variance condition

0o 1 1 ) ;
T; n+ I]E[( - (Elt(e)]'l-‘rl—t(@)—OtZO — 20 3) + VJ(GTL)) ’anl] < 0.

(d) Let
G(0) = o — E[Lyy11| Lty = 1].



Since E[L¢,+1|Lt, = {] is monotone increasing, point * is for the ODE

d
72t = a = E[Lg1|Ly, = 1] = G(2(?))
asymptotically stable. We thus consider

On+1 = On + €n(a — max(l + I(6) — O, 0)).

We let €, = 1/n. Y, = a — max(l + I;(6,) — O, 0) is unbiased for G(6,) and it remains to check
the variance condition. As usual,

V,=E [(a ~max(l + L(6y) — O1,0) — G(6,))? \fn_l] = Var(max(l + [,(8,) — O, 0)).

As we have assumed that the variance is uniformly bounded by some constant ¢ and we compute
as usual

ZeiVn = Zei\/ar(max(l + I(6,) — O,0)) < CZE% < 0.

Problem 3 (total 10 Credits)
The gradient-field of a function J(#) is shown in Figure 1. Apply a steepest descent algorithm for
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Figure 1: Gradient-field of J(6)

finding the minimum of J(#).



(a). [6 Credits] If you choose point (—15,—10) as initial point. Argue with Figure 1 that the
algorithm will not converge to (0,0).

(b). [6 Credits] For the same ODE as in part (a) discuss the nature of point (0,0) (stable,
asymptotically stable, or unstable).

Answer Problem 3: (a) The graph shows the gradients, so the negative gradients point in
opposite direction. Starting in (—15, —10) the ODE will be drawn towards a point near (—13,0).
Hence, the ODE will not reach (0,0).

(b) The point is stable as the gradient is zero in this point. The point is not asymptotically
stable as the gradient around (0, 0) is (almost) zero. [The ODE will not move in the neighborhood
of (0,0)]

Problem 4 (total 50 Credits)
Let X = Xy ~ Exp(0~!) for 6 > 0 (whatever convenient we write X or Xp). The pdf of X is

1
fe(x) = 5€_$/67 T > 0.

In the sequel you may use that for any power p € N, E[Xg] =plOP. Let J(0) = IE[XQQ] In this

problem you are going to analyse unbiased estimators of J'(6) = d%‘] ).

(a). [15 Credits] Define

2X2
D:DQ:TG.

(i). Derive that D is the IPA estimator of J'(#), assuming that the IPA interchange con-

dition hold, i.e.,

SEIX3] = B33 )

(ii). Show that D is unbiased.
(iii). Compute the variance of D (answer is 806%).
(iv). Argue that the interchange condition (2) hold.
(b). [15 Credits] Define
X3 1 Xy
D=Dyg="0 (— - 1).
AN

(i). Derive that D is the SFM estimator of J'(f), assuming that the SFM interchange
condition hold, i.e.,
d 9 B 5 d
il fo(x)de = /x @f@(ﬂ?) dx. (3)
(ii). Show that D is unbiased.

(iii). Compute the variance of D (answer is 4486%). You may use that Cov(X?/62, X?/60) =
10862,

(iv). Argue that the interchange condition (3) hold.



(c). [15 Credits] Define

1
0
where Y = Y} is independent of Xy, and also Exp(#~1) distributed.

D=Dy= ((X9+Y9)2—X92),

(i). Derive that D is the MVD estimator of J'(6). Namely, assume that the interchange
condition (3) hold, then derive that

d 1
@fe(l‘) = 5(99(513) — fo(x)),
with gg(z) the pdf of Gamma(2,071), i.e.,

r g
gg(x):ﬁe 9 z>o0.

(ii). Show that D is unbiased. Hint: (X +Y)? = X?4+2XY +Y? and X, Y are independent.
(iii). Compute the variance of D (answer is 4862). You may use that
E[(X +Y)!] =1200% and Cov((X +Y)? X?) = 28¢".

(d). [5 Credits] What is your conclusion?

Answers Problem 4:

(a). Note J(0) = E[h(Xy)] with h(x) = 22, and by the inverse transform method, Xy = —01In(1—
U where U is uniform (0,1):

Fyx)=1—e"=u & z=—0In(1—u).

Thus by the chain rule:

— — 2X2
9 1(Xy) = W(Xg)Xh = —2XpIn(1 — 1) = —2Xe0Im =U) _ 2X)
00 0 0
The interchange (2) is
0 0
’ _ v _ v
which shows the IPA estimator
o) 2X2

To show unbiasedness for J'(6), we use E[X}] = p! 0. Firstly,
J(0) = E[XZ] =20 = J'(0) = 46.

Next,
2

E[Dy] 7

E[X?] = %2!92 =40 = J'(0).



For the variance, compute the second moment:

4

BID] =

—E[X]] = 5 1 410" = 9602,

Thus

Var[Dy] = E[D}] — (E[Dy])* = 966> — 166% = 806>.
Interchange is allowed because (i) Xy is differentiable (in ), (ii) h(x) is differentiable (in x),
and (iii) Y'(0) = h(X(6)) is almost surely Lipschitz continuous on any interval (a,b) C (0, c0).
To show condition (iii):

2X72
sup [Y'(0)] = sup —°
0e(a,b) oe(ap) O
62 2 2
= sup — (In(1-U))" =2b(In(1 -0))”" < oo.

The Lipschitz modulus is
K =2(In(1-0))>=(—v26 In(1-0U))* = E[K] < oo.
KExp(1/V/2b)

. The pdf of Xy is fo(z) = %e‘z/e, which gives the score function:

0 0 1 =z
S(0,x) = =5 folw) = 55 ( = 1n9—§)_—5+@.
Work out the interchange (3):
d Sp.fo()
J(0) =55 7l 89/ fo(z)de = [ ® fe o Jo(z)dx
—/ gg(lnfg( x)dr = /x2s (0,2) fo(x) de = B[Xj S(0, Xp)].
This shows the SFM estimator
1 Xo, X, Xp X; Xj

Dy = X7 5(8,Xp) = X (~

it =g Ve g
Recall that J'(0) = 46. Then

X3 X2 3193 2192
E[Dy] = B[ 7Y — 0] = 25 — =~ =60 —20 = 40.
(Do) =B[55 — ] =5 — =5~ =60 —20 =140
The variance:
X3 X2 X3 X2 X3 x2
Var[Dy] = Wa?”[QQ 0 | = War[m ] +War[—6 ] (DO’U(—Q2 e )
Work out the three terms:
X9 1 6 3\2 2 2 2
Var[ 5] = 57 (616° — (316%)°) = 7206” — 366° = 6846
XO 1 '94 '62 2 02 92 02
VW[T] ﬁ(‘l- — (26%)%) = 246° — 46” = 20
X3 X2
2Cou( 929 79) = 2166°



Which gives
Var[Dy] = 6846% 4 200% — 2166 = 48862,

The nontrivial interchange condition is

/at2 sup ‘ }dz < 00.
0<(a, b)
Work out,
0 x 1y _. e 0 g
%fe(v’ﬂ):(efg—@)e /0 = 02 (5— ) (4)

Thus, for a < § < b and x > a is

e—x/@ e—:c/b

a2
Hence,

00 [ee] 1'3
/ z? sup ‘7]09 {daj / ge_z/b dr < co.
a a

0e(a,b)

(c). Differentiate fy(z) = e=*/?/0, see (4):

0 1 T 1

v _ = b —x/0 o - —x/0

a97) 9( 92° 0° )
~—— ~——

=go(x)EGamma(2,1/0)  =fo(z)=Exp(1/6)

Because the Gamma(2, o) is the sum of two iid Exp(«) random variables, we let Xj,Y) £
Exp(1/0) independent, and Xy + Yp £ Gamma(2,1/6). This gives that

7(0) = 5B = o [ o) de = [ 45 fola
- [« g@m ~ fola)) do = 5 ( [ PPau(a)do - / 2 fy(w) da)

- %(E[(Xe +Yp)*] - B[Xg]) = %E([(XG +Y0)!] = X5)].

This shows the MVD estimator
1

) ((Xa +Yp)? — ng).

For unbiasedness, recall that J'(6) = 46. Then

Dy =

0E[Dg) = E[(Xp + Yy)* — X3 |E[(Xg + Yp)*] — E[X3],
with
E[(Xo + Yy)?] = E[X] + Y} + 2XoYp| = B[Xj] + E[Y7] + 2E[Xo|E[Yy)
= 20% + 26 + 262 = 66>
E[Xj7] = 26°.



Thus E[Dy] = 60 — 20 = 46. The variance:
0>Var[Dg] = Var[(Xg+Yy)? — Xj] = Var[(Xe+Yp)*] + Var[X3] —2Cov((Xp+Yp)?, X7).
Work out the three terms:

Var[(Xe + Ys)?] = E[(Xo + Yo)'] — (E[(Xs + Ys)?])* = 1200* — 366" = 846"
Var[X}] == B[X{] — (E[XZ])* = 416 — (216*)? = 206"
2Cov((Xg + Yp)?, Xj) = 560*.

Which gives
Var[Dy] = 8462 + 200% — 5662 = 4867

. The conclusion is that we see here three unbiased estimators of J'(#), but their variances

differ quite a bit. In fact,
Var [Dg/[VD] <Var [D(I;PA] <Var [DEFM].

On the other hand, when computing these estimator by simulation, the MVD estimator takes
double computation times.



