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Question 1.

You model European firms and have observations on the following 4 variables:
X1: Profits (EBIT)

X9: Asset Size (A)

X3: Long Term Debt (D).

You assume these variables come from a multivariate normal distribution.
a) Give a reason why this may *not* be a good modeling assumption.

You proceed with your multivariate normality assumption nonetheless.
b) Provide the analytic form of the normal pdf for this particular case. Carefully define your
variables, parameters, and the dimensions/formats of those.

You find out that people typically do not use the variables above in an economic analysis. Rather,
they use the following variables:

¥1: Return on Assets (ROA) = EBIT / Assets

Y7: Size (S) = natural logarithm of Assets

Y3: Leverage (LEV) = Debt over Assets

c) Given your modeling assumption for the Xj variables, derive the joint density of your Y; variables.
Carefully provide your steps.




Assume you have the following relationships:
X3~ N(3,3)
X1lX3 ~ N(X3,2),
X2|X1, X3 ~ N(X1— X3,4).

d) Derive the distributions of X = (X1, X,,X3) T, and of (X1+ X3)|(x{ + X3).

e) You try to approximate X1 by the best linear function in X2, X5. What is the form of this function,
and what is its precision?

Question 2.
You consider a bivariate copula € (u4, u,). Based on your copula, your fellow students suggest
alternative copulas C (uy, uy).

a) Which of their suggestions will yield a proper copula function, and which will not (and why)?
a.1l) Cupuy) =1 —C(ug,uy).

a2)Clugpuy) =1—C(A —uy,1—uy).

a3)Cupuy) =u; +u, —1+C(1—uy, 1 —uy).




Consider the copula C(u1,uy) = uqu,(1 — 0.5(1 —u;)(1 — uy)) ~L. Also consider two random
variables X1 and X with cdf Fx;(x1) = 1 — exp(—0.1xy) and Fxy(x2) = 1 — exp(—0.2x5),
respectively, and with the same copula structure.

b) Compute P[X1 < 2, X, < 1] aswell as P[X1 < 2| X, = 1], as well as fx(2,1), where fx(x,,x3) is
the pdf of X = (X1, X,).

You observe 5 stock index returns and you want to model them using a Student’s t copula, while also
using Student’s t marginals. For the marginals, you impose that the degrees of freedom parameter
for each of the marginals exceeds 2.

¢) Why would you impose that the degree of freedom is larger than 2?

d) What (if anything) does this assumption imply for the degrees of freedom of the copula? Explain
your answer.




Question 3.
You consider a sample from a bivariate normal. The means of these normals should be *negative*,
and the variables should be positively correlated. Also the first variable should have a higher
standard deviation. You friend parameterizes the distribution using the parameters 04, ..., 05:
p1=—exp(0D, u; =—exp(62),

o1y = of = exp(03) +exp(6,), 022 =05 = exp(04), p12 = (1 +exp(=65))7",
where p1 and pp are the means of the two coordinates, o;; and o5, the variances, and p;, the
correlation.

a) Does this parameterization satisfy all the constraints that you want to impose? Explain your
answer.

b) Write down the likelihood function for your model using your parameterization.

Using your maximum likelihood estimation routine, you obtain (with standard errors in parentheses)
61 = —1.00 (0.2),
62 = —2.00(0.3),
63 =—0.50 (0.4),
64 = —1.00 (0.1),
05 = +1.00 (0.5),
and inverse negative Hessian of the likelihood function equal to the matrix
0.04 0.05 0.07 0.02 0.09
0.05 0.09 0.09 0.02 0.14
-7 =[007 009 016 003 0.19
0.02 0.02 0.03 0.01 0.04
0.09 0.14 0.19 0.04 0.25

c) Provide the estimate and standard error of p;, and of §;4. Include your derivations.




d) Describe how you would test whether the two means p1 and pp are equal.

e) How would you build a joint confidence set for the subvector (64, 8,, 05)?

Question 4.
You observe 20 firm characteristics of 500,000 companies.
You decide to run a PCA and a factor analysis on your data.

a) Describe the differences between these two.

b) Write down the likelihood function for your factor model.

Using your factor model estimates with 3 factors, you obtain that the first factor loads primarily on
the first 5 firm characteristics.

¢) Explain why you cannot (without further motivation) conclude from this that the first factor
reflects the average of the first 5 characteristics.




