Exam MWMeasure Theory

14 december 2009; 8.45-11.30

All parts have equal weight.

1. Let p be a finite measure on (€2, F). Consider a sequence fi, fa,... of
measurable functions from Q — R such that |f,(z)| < C for all n and all
x € Q, where C is a constant. Supppose that lim, o fr(z) = f(z) for
p-almost all xz € Q.

(a) Use one of the convergence theorems to show that

lim fnd,uszd,u.
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(b) Show by example that the conclusion need not be true if 4 is not a finite
measure.

2. Consider the interval [0, 1] with sigma-algebra G consisting of all subsets
of [0,1]. Let p be the measure on G defined by p(G) = 0 if G is countable,
and u(G) = oo if G is uncountable.

(a) Which functions f : [0,1] — R are measurable w.r.t. G and B, that is,
satisfy f~1(B) € G for all B € B?

(b) Give an example of sets A1 D As D .-+ with N2 ; A, = A for which
u(Ar) does not converge to u(A) as n — co.

(c) Can you give an example of sets By C By C --- with U2, B, = B for
which u(By) does not converge to u(B) as n — co? Motivate your answer.
(d) Consider the restriction u’ of p to the Borel sigma-algebra B. Show that
for Lebesgue measure m on [0, 1] we have m < p'.

3. A measure p on (Q,F) is called nonatomic if 4(A) > 0 implies that there
exists B C A such that 0 < u(B) < pu(A) (A and B are elements of F).
(a) Give an example of a measure which is not nonatomic.

Let m be Lebesgue measure on [0,1], and A C [0, 1] measurable with
m(A) > 0. Define f : [0,1] — [0,1] by

f(z) =m(AN]0,z]).

(b) Show that f is continuous.
(¢) Show, using (b), that m is nonatomic.



4. Let (1 be a space with sigma-algebra F;, and Q5 a space with sigma-
algebra JFy. Let T : 1 — {29 be measurable and let u; be a measure on Fj.
Define, for all E € Fo,

,U,Q(E) = ,ul{ac € Ql;T(:E) € E}

(a) Show that ps is a measure on Fo.
(b) For E € F3, let 1g be the indicator functon of E, that is, 1g(y) = 1 if
y € E and 1g(y) =0if y ¢ E. Show that
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(c) Show that
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for all non-negative measurable functions f : {3 — R.
(d) Show that f is integrable w.r.t. pg if and only if f(T') is integrable w.r.t.
p1, and that in that case the formula in (c) still holds.

5. Let p; and vy be finite measures on (Q1,F1), and p2 and e finite
measures on (Qa, F2). Furthermore, suppose that for all A; € F; we have
vi(A1) = fAl fdua, and for all A2 € Fy we have va(A4g) = fAz gdus. Note
that f and g are Radon-Nikodym derivatives. Consider v = 11 X 19 and
po= 1 X pg on = x Q. Let h(z,y) = f(x)g(y); h is a map from
2 —R.

(a) Show, using Fubini’s theorem, that

V(A x Ag) = j! hdp.
A1 XA
(b) Show that
H={A € F1 x Fo; v(A) =/ hdu}
A
is a monotone class.
(¢) Formulate the monotone class theorem.

(d) Use the monotone class theorem to show that for all A € F; x Fp we
have

V(A)zjihd,u.



