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1. For —oo < s < t < o0, the distribution function of the uniform distribution on the
interval [s, t], is given by

0 ifx <s
F(z) = f_s ifs<ax<t.
—s
1 ite >t

(a) [2 pt]. Does the uniform distribution with parameters s and ¢ belong to a location-
scale family {F,;, : a € R, b > 0} associated with the standard uniform distribution
on [0,1)? Hint: note that F,; is the distribution function of the random variable
a+bX, where X ~ Unif (0,1).

If yes, then specify the location parameter a and scale parameter b. If no, then
explain why:.

(b) [2 pt]. Derive the expression of the quantile function corresponding to the uniform
distribution on the interval [s, t].

2. Let Xi,...,X, be independent and identically distributed. Assume each X; has the
geometric distribution with parameter 6,

Py(X1=k)=(1-60)""0, k=1,2,...,
where 0 < 0 <1 is unknown.

(a) [3 pt]. Compute the maximum likelihood estimator for 6.

(b) [3 pt]. As prior distribution for 6, we choose probability density
71'(9) = 6(1 - 9)91(071)(€).

Compute the posterior density and report to which distribution it corresponds.

Hint: if Z ~ Be («, 8) (meaning Z is distributed according to the Beta-distribution
with parameters o and f3), then p(z) oc 22711 — 2)P 7119 4y(2).



3. Suppose X1, Xo,..., X, are independent and identically distributed according to the
Poisson(f)-distribution. That is, for § > 0

0

y, .Z':O,l,....

po(z) =e

Define S, = >0 | X;.
(a) [2 pt]. Show that S, is sufficient for 6.

(b) [1 pt]. Suppose the estimator T" is unbiased for §. How can we construct from 7'
another unbiased estimator for 0 with smaller variance?

(c) [2 pt]. Compute Eg[X; | S,].
Hint: note that Eg[X; | Sy] is the same for all 1 < i < n and that Y, Eg[X; |
Sp] = Sh.

(d) [1 pt]. Explain why the result under (d) does not depend on 6.

4. Let Xi,..., X, be independent and identically distributed with the N(u, 1) distribu-
tion. We test Hy : p < 0 against Hy : p > 0 with test statistic 7" = X. The critical
region for T is given by K = [¢,00), for some ¢ > 0. Let ® denote the cumulative

distribution function of the standard normal distribution.

(a) [2 pt]. Give the definition of the size of this test and determine an expression for
it in terms of ¢ and .

(b) [2 pt]. Give the definition of the power function of this test and determine an
expression for it in terms of ¢ and ®.

5. [2 pt]. Consider a statistical model with observation X distributed according to distri-
bution Py. Suppose that T is the Bayes estimator for . Assume MSE(0;T) is constant
(it does not depend on #). Show that 7" is minimax.



