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Mathematical Analysis, open course notes take home resit First examiner: Joost Hulshof
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Write the calculations and arguments that lead to your answers. Motivate your answers (refer to theorems
used). You can use earlier statements, even if you failed to prove them. Calculators/communication/internet
sources NOT allowed, except the course notes, use them! Your grade will be 1 + % T your total score.

Problem 1. Fora + b 4+ c =3 + 3 4+ 3 = 9 points you have to give your answers in this exercise with
epsilon arguments. Let F': IR — IR be defined by

F(x)zm forall z#1 and F(1)=-1.

a) Prove that F' is discontinuous in z = 1.

Answer. I reason as in the previous exam. We have

23 1

Fao)y-F)=1—5+1=1"3

and see that for x close to 1 the denominator is small. Let’s try to make it smaller than % to obtain
that for e = 2 no 6 > 0 can be found with

(A)  |z—1]<6 = |F(z) - F(1)| < 2.

So the x that you choose will depend on §. We note that

1 1 1 1 1 3
|F(z) — F(1)| > 2 <= |1—a:3\§5 — |1—:Jc3|§5 — _§§x3_1§§ = §§x3§§,
————

and this certainly holds if for instance 1% <z< % since then
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Summing up we have for all x with |z — 1| < {5 that |F(x) — F(1)| > 2. This makes it impossible to
have § as in (A) above for e = 2.

Etienne reasoned from the epsilon-delta statement and factorised to get

1 1 1
= >
1—13‘ e — 1|22+ 2+ 1] = Sz + a4+ 1]

£ > |

and concluded this can not be. Correct, but needs more reasoning.

Other people took ¢ = 1 and reasoned from

<1l <= |1-2% =" -1 >1

1— 23
The second one rewrites as
22 —1>1 or 2°—-1<—1,

so either 2 > 2 or 23 < 0 must hold. The inequality |F(z) — F(1)| < 1 is thus equivalent with
x & [0,25]. That is: |F(x)—F(1)| > 1 for every z € [0,25]. But this interval has nonempty intersection
with every interval (1—9,1+9). So fore = 1 nod > 0 exists for which |xr—1| < § = |F(z)—F(1)] < 1.

Per reasoned correctly from
lz—1] <1 = |2° - 1] <8,

which follows from
1= +z+1)(z—-1)

the factor % + x + 1 being bounded in absolute value by 7 for z € (0,2).



b) For every n € IN we define f,, : (0,1) = IR by
fulz) = F(f) for all z € (0,1).
n

Prove that f,(x) is a convergent sequence for every = € (0,1).

Answer. Fix xz € (0,1). Since z/n — 0 as n — oo and F is continuous in 0 its is clear that the limit
will be F'(0) = 0. But you have to prove this with an e-argument that ends with |F(%)| < e. Since
G _ @ 1

T
F(Z) = —
0< (n) 1—(£)3 e R T

for all n > 1 and the latter inequality is equivalent to
1
n®>14 -
€

we can now give the proof: let € > 0. Choose N > 1+ % Then for all n > N it holds that for all
n > 1 and the latter inequality is equivalent to

1
n*>N*>N>1+-
€
and thereby
x
(=)l <e.
P <e
This completes the proof.

¢) Prove that the convergence is uniform on (—1,1).

This should have asked for uniform convergence. My mistake. Occasional bonus points.

Problem 2. Let f: IR — IR be defined by

1
flx) =2z + gx?’.
This f can next earn you
a+b+4+c+d=2+4+14+ 2+ 4 =9 points

a) Use epsilon-delta arguments for the appropriate remainder term to show f is differentiable in x = 0.

Answer. With linear approximation 2z the remainder term is R(x) = %x?’. We have for x # 0 that

1
|R(x)| < e|z| <= |§x3| <elz| <= |2%] < 3¢,

so take § = v/3¢ to conclude that 0 < |z| < v/3¢ implies 0 < |R(z)| < &|z]|.

b) Now consider for y € IR fixed the equation f(z) = y and the scheme z,, = z,,—1 + f/(0) " (y — f(25—1))
to solve f(x) =y. Verify that

xd . (1)

=

1
Tn =S¥~
Answer. Use f'(0) =2 and f(xp—1) = 22,1 + %xiq- The linear terms in x,_, drop out.
¢) Starting from 29 = 0 the scheme (1) defines a sequence z,,. Suppose that for some n € IN it holds that
|€n—1] <1 and |z,| <1.
Use (1) to show that
[#s = 7l < 3 o~ 20l (2)
Answer. We have

Tng1 — Ty = (22 + Zptno1 + 20 _1) (Tno1 — T),



SO

1
[Tpt1 — @n| < 6|er1 + Tp@po1 + Th_| [Tao1 — Tl

1
< (‘xn|2 + |op| 21| + |$n71‘2) |Tp—1 — 2n| < §|xn,1 — .

=

<1+1+41
d) The sequence x,, depends on y, and thereby defines a sequence of functions g,, by setting g, (y) = x,.
Show there exists r > 0 such that g,, is a uniform Cauchy sequence in C([—r,7]).
Answer. I'll keep this short, see also the previous exam. Here we have

11
|2n| = |51+ 82+ A sul <sa| +s2| + A sp S (A4 5+ 24+ +

1
511 F)|51| < 2[sq]

as long as all previous xj, have |xi| < 1. So we have to make sure that |s1| <
we see that with |y| < 1 we’re fine and obtain

1 ; — _y
5. Since sy = 21 = 3,

|51 _ ly| 1

|s"| < on—1 929n—1 — 9n”

And then m > n > N gives

1 1 1
|$m_$n|:‘3m+"'+5n|§|SM|+"'+|3n+1‘<22nﬁ:27 9N’

IA

so given € > 0 choose N € IN with 2V > %

Problem 3. Fora4+b +c+d =2+ 2 + 2 4+ 2 = 8 points consider solutions of

1
F(@) 4 L @) + Fa) =0,
a differential equation posed for x > 0 first here.

a) Suppose that
f(x) =ao+ asx? + agx* + agr® + agax® + -

is a power series solution defined for all  in some interval (0,7). Show that

for all € IN.

Answer. From the expression for f we find

f'(x) = 2a0x + 4ayx® + 6agz® + S8agz” + - - -,

1
- f/(:c) = 2az + 4a4x2 + 6a6x3 + 8a8z6 +oen
x

"(x) = 2as + 34a42® + 5 6agz™ + 78agx’® + - - - |

so sorting it out we find

1
f”(a:)-i—; f'(@)+f(x) = ap+2az+2a0+(as+4as+3 4ay) x°+(as+6a6+5 6ag) x4 (a+8ag+7 8ag)x®+4 - - |
which we put equal to zero by setting

ao + 2as + 2a9 =0, as+4ag+ 34ay4, a4+ 6ag+ 56ag, ag+ 8ag+ 78ag =0,...,

whence
ap az Q4 g

02:—2, a4:—§, @6:—67, a8:_§a"'a

and we recognise that every next ag, Is minus the previous one divided by the square of 2n, also for
2n = 2.



b) Fix > 0. Use a) and an estimate for n sufficiently large to establish convergence of the series.
Answer. With ag = 1 we see that we get

1
A2p = 2n(n|)2a

and that -
o (=1)%z*"
f(z) = ;:O: 2n(nh)?

but that’s not needed for the answer for which you should know to go for the simple geometric estimate

1 _
lagn ™| < §|a2n72w2” %],

equivalent to

.’172

(2n)?

as every next term as,x?" in the power series gets an additional 2% in the numerator and —(2n)? in
the denominator. So given x you have the desired estimate provided

1
<77
-2

2n

2
2 T

2 )

Y

n

which certainly holds if n > |x|. Thus the sum of the terms from n + 1 to any m > n are bounded by
the n*" term, which in turn goes to zero as n — oo for x fixed, by the same reasoning.

c¢) Let f be any solution of the differential equation defined on an open interval contained in IRy and let

E(z) = f'(z)* + f(2)".
Show that E'(z) < 0 on that interval. Hint: use the differential equation and not the power series
expansion of its solution when you evaluate E'(z).
Answer. We have
f'(x)?

X

f=)

E'(z) =2f"(2)f'(x) + 2 () f(x) = =2(f (=) + )f (@) +2f'(2) f(z) = —

d) By b) the power series in a) is a solution that satisfies f(x) — 1 and f/'(z) — 0 as x — 0.

Show there are no other solutions on IR, with this property. Hint: if g(z) is another such solution
then v(z) = f(x) — g(x) is also a solution of the differential equation. Apply c) to v.

Problem 4. For morethana + b +c+d +e =2+ 2 + 2 + 2 + 2 = 10 points we consider the
differential equation f’(x) =1+ f(x)? with initial value f(0) = 0.

a) Let r > 0 and suppose that f € C([0,7]) is a solution. Integrate the differential equation to show that
f(z) = /01(1 + f(s)})ds forall ze|0,r]. (3)
Answer. Use s as integration variable and write
fa) =10+ [ foras= [+ 562 dsas
NB. You cannot evaluate the integral because you don’t know f.
b) Denote the right hand side of (3) by (®(f))(z).

Explain why this defines a map ® : C([0,7]) — C([0,7]).

Answer. As a function of x the integral is Lipschitz continuous if it exists as the integral of a bounded
function. The integral exists for every x € [0,r] because s — 1 + f(s)? is continuous on [0, r]).



¢) Voor f e C([0,7]) we write
[f], = max |f(z)]

z€[0,r]

for the maximum norm of f. Show that

[(f) = @), < r(f]. +lgl)[f —gl.
for every f,g € C([0,r]).

Answer. Use

We have
F(s)? = g(5)* = (F(s) = g(s))(f(5) + 9(5)),
(14 f(s)?) = L+ g()®) < |F(s) = g(s)| [F(s) + g()| < [ = gl If + gl < (F], + gl )If =gl
whence

[®(f) = @(9)) (@) = \/0 (f(5)* = g(s)*) ds| < v (If], + gl )If = gl,
for all x € [0,r], which proves the estimate.

d) Let r,R > 0 and
A=Ar={feC(0,r]): [|fl, <R}
Show that
|®(f)], < r(1+R?
for every f € A.

Answer. ”

(@(f))(x)] = I/Oz(1+f(s)2)dsl s/o |1+f(s)2|)ds=/Om(1+f(8)2ds

< [+ geas < v+ 1)
0 \v/
<IfI2
for all x € [0,7].

e) Show there exist 7 > 0 and R > 0 such that ® is a contraction on A.

Answer. To have ® map A to A we need r(1+ R?) < R, to have ® contractive on A we need 2Rr < 1.
Take your pick of R > 0 and r > 0 for which these both hold.

f) Bonus (2 points): describe the set of all » > 0 and R > 0 for which ® is a contraction on A.



