Vrije Universiteit Amsterdam May 29 2020
Mathematical Analysis, open course notes take home exam First examiner: Joost Hulshof
3 hours Second examiner: Bob Rink

Write the calculations and arguments that lead to your answers. Motivate your answers (refer to theorems
used). You can use earlier statements, even if you failed to prove them. Calculators/communication/internet
sources NOT allowed, except the course notes, use them!

Your grade will be 1 + %, T your total score, maximal T' = 36.

Problem 1. Let F': IR — IR be defined by

for all z # —1 and F(—1) = 1. This F' can next earn you
a+b+c+d=1+4+2+ 3+ 3 =29 points.

a) Sketch the graph of F'. Make sure you got it right for = > 0. Which interval is {F(x) : > 0}?

b) Factorise F'(z) — F(y) and prove that F is Lipschitz continuous on [0, 00) with Lipschitz constant 1.

Consider the integral equation

_ ¢ f(s)
fl)=1 —|—/0 059201 7)) ds posed for all =z € [0,1] (1)

and denote the right hand side of (1) by (®(f))(x). This defines a map ® : A — A, where
A={feC(0,1]): f(x) >0 for all x € [0,1]}
is the subset of nonnegative functions in C([0,1]).

¢) Prove that ® is a contraction. Hint: use b), in your estimates you may use that

/1 1 d </OC 1 d 1
5 aS —as = 1.
o (1+5)? o (L+9)?

d) Explain why it follows that (1) has a unique positive solution f.

Answers
a) Near x = 0 the graph looks like y = z, for |z| large like y = 1, and {F'(z) : = > 0} =[0,1).
b) For z,y > 0 we have

x y  rx(l+y)-(1+2)y T —y

1tz 1ty (Q+a)(lty) (1+2)(1+y)’

Fx) = F(y)

with denominator at least 1 for @,y > 0, so |F(z) — F(y)| < |z — y|.
c) Let f € A. Then

© )
(B()(x) =1+ / 520+ 70

exists for every x € [0, 1] as one plus the nonnegative integral of a continuous nonnegative function.



As a function of x the new function ®(f) : [0,1] — [1,00) is continuous because [ ¢ is (Lipschitz)
continuous in z for every integrable ¢ : [0,1] — IR. Thus ® maps A to A.

To see if ¢ is a contraction let f,g € A and write
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F(f(s))—F(g(s))

Using b) we estimate

@) -2 < [l U6 - Fla)lds

< [ e —alds < [ sl = gl

for all z € [0,1], so
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This holds for all f,g in A, so indeed ® : A — A is a contraction, with contraction factor %

d) By definition of ® the nonnegative solutions of (1) are precisely the fixed points of ® : A — A.
The set A is closed in C([0,1]), C([0,1]) is complete with metric defined by d(f,g) = ||f — 9llmaz-

So ® has a unique fixed point in A, and thereby there exists a unique solution in A.

Problem 2. Let F be the function defined in Problem 1. This same F' can next earn you another
a+b+c=2+ 3+ 3 =8 points
a) Prove that F is discontinuous in z = —1.

b) Let Ry = {z € R: x > 0}. For every n € IN we define f,, : Ry — R, by

. nx
1+ nx

fn(x) forall x€IR,.

Prove that f,(z) — 1 as n — oo for every z € IRy.

¢) Prove that the convergence in b) is uniform on [1, o).
Hint: estimate |f,(z) — 1| for all 2 € [1, 00) simultaneously.

Answers

a) For z # —1 we have
T 1
F(z) — F(-1) = .
(@) = F(-1) = 1~ T2

which has a denominator that is small for x close to —1. For instance, we have

1

> 2
|z + 1

1



It follows that the epsilon-delta statement for continuity in z = —1 fails with € = 2, because for every
1

d > 0 we can choose  with |z — —1] < ¢ as well as |[r — —1| < 5, and for such x the inequality
|F(z) — F(—1)| < 2 fails.
b) Fix & > 0. The limit 1 is given, so let € > 0. We have to prove the existence of an N € IN such that
nx | = 1
14+ nx 14w

<e€

[fn(z) = 1] =|

for all n > N. The desired inequality is equivalent to

1—¢

1
l+nr>- < n> .
€ ex

If ¢ > 1 this always holds, and we can take N = 1. For ¢ < 1 choose N € IN such that

1_
N > E.
ET

Then !
n>N > ST° and thereby |fn(z)—1]<e
ex

for all n > N. This completes the proof the way I did the first examples in the course (Exercise 2.32).
But quicker is

nx 1 1
() — 1] = —1|= < — <g,
[ fn(@) | |1+mc | l14+nx nx c
and taking
1
N>—.
ex
¢) For x > 1 we can choose
1 —
N>-—°
ex
as in b) for all x > 1 simultaneously, by choosing
1—
N>-—°%.
€
Then
n>N 1—¢ 1—=¢
— n>N> > ,
x>1 - I Y O
whence
1—¢
n > R
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equivalent to the desired inequality |f,(z) — 1| < e as before. This completes the proof. Here too we
might have taken the quicker approach choosing N > %, as in b).

Problem 3. Consider the differential equation f”(z) = f(x).

a) Use a power series solution of the form
ag + a2x2 + a4m4 + a6x6 + ag.’ES B R
to find an even solution with f(0) = 1. You may guess the expression for as,, from your calculations.

b) The power series that you (should) have found converges for all z € IR. You don’t need your answer
to a) to continue. The derivative of f is an odd solution denoted by g. Explain in detail why

(f(2))* = (9(x))?
is constant. Which constant?

a+ b =2+ 4 = 6 points



Answers

a) Write
f(z) = ag + asx? + asz* + agx® + aga® + -+,

f'(x) = 2a02 + dasz® + 6agz® + 8agz” + - - -,
f"(x) = 2as + 3 - dagx® +5 - 6agz® + 7 8agx® 4+ --- .
Use f(0) =1 conclude ag = 1 and then f”(z) = f(x) to choose as,aq,... with
. ! 1

2a9 = =1,3-4a4 = 5-6ag = h = — =
a2 = ag , a4 = Az, ag = a4, , whence  az 9 Gy 1.3.2

and recognise the general expression as, = ﬁ, consistent also with ag and as.

b) It’s given that the power series are valid for all . Define g = f’. Then ¢’ = f” = f so by the chain
rule the derivative of f2? — g2 is equal to 2f f/ —2gg’ = 2fg —2gf" = 2fg—2gf = 0 on the whole of IR.
The mean value theorem now implies that f(a)? — g(a)? = f(b)? — g(b)? for all a,b € IR, and thus that

f@)? —g(x)? = f(1)? —g(0)> =1 forall zcTR.

Problem 4. Let f: IR — IR be defined by
f(2) = 2(1 + ).
This f can next earn you
a+b+c+d+e=3+1+3+ 3+ 5 =15 points

a) The linear approximation of f(x) near = 0 is given by x. Verify the epsilon-delta statement for the
remainder term that implies that f is differentiable in x = 0 with f/(0) = 1.

b) Now consider for y € IR the equation
fl@)=z(1+z)=y (2)
and the modified Newton scheme z,, = x,, 1 + f'(0)"*(y — f(x,_1)) to solve f(x) =1y. Verify that
Tp =y —ah_;. (3)

¢) Starting from xg = 0 the scheme (3) defines a sequence x,, that depends on y, and thereby a sequence
of functions g,, by defining g, (y) = z,. So go(y) = 0 and ¢1(y) = y. Evaluate g2(y) and gs(y).

Next it’s about finding an (inverse) function g as the uniform limit of the sequence g,.

d) Following the notation in (3.1) in Chapter 3 and avoiding the Greek letter £ we write s,, = x,, — 1,
with s for step. Now suppose that for some n € IN it holds that

1
d nl < =
an \:c|_4

| =

‘xn—1| S

Use (3) to prove that then
1
|Sn+1] < 3 |Sn] - (4)

This allows to continue the story-line in Chapter 3 for all y € [—é, é] simultaneously.

¢) Use d) to show that g, is a uniform Cauchy sequence in C([—3, §]), see Definition 4.2.
Hint: recall that z, = g,(y) and show first that

1 1
|y|§§ S |xn|§2|y\§1 for all n e IN.



Answers

a) Since f(z) = f(0) + 1z + R(x) with |R(z)| = |z|? = |z||z| < €|z| if 0 < |z| < ¢ it follows that for all
€ > 0 there exists § > 0, namely 6 = ¢, such that 0 < |z| < § = € implies |R(z)| < ¢|z|. Thus f is
differentiable in = 0 with f'(0) = 1.

b) The scheme is of the form x,, = F(z,) with F(z) =2 + f/(0)~1(y — f(z)). For the given f this gives
Fr)=2+1 Yy —2(1+2)=c+y—av—a’=y—2%,sox, =y —22_,.

c) With o1 = g (y) = y we have go(y) = 22 = y — y? and then g3(y) = 20 =y — (y — y?)%.
d) We have
Snl = Tngl — Tn =Y — T — Y+ 2o} = —(Tn + Tn_1)(Tn — Tno1) = (Tn + Tn_1)n,

and thereby

1 1 1
Isnt1] < Jon + Tooal [sn| < (|| + [2n-1]) [sn] < (Z + 1)|5n| = ) Sn.

Note that just like z,, the s, are y-dependent.

e) We have to get |vm — n| = |gm(y) — gn(y)| < € for all y with |y| <
m >n > N, N € N to be found. Following the hint we start from

é simultaneously, provided

el )

1] = [s1] = |yl < 2[y| <

to get

|

1
2| < lzaf +[s2] < [sal + 5 [s1] = (1 + )\81|<2Iy|S

whence

.JM»—*

|z3] < |za| +[s3] < (1+ )|51| +3 |82| < (1+ 5 + )|51| <2yl <

In the next step we have

1
|$4|<|$3|+|S4\<(1+2+ )|81|+|S4|<(1+2+4+ )|81|<2|y|<1,

because [s4| < 3|ss| < fls2| < §s1].

And so on. We conclude that all |z,,| = |gn(y)| are bounded by %, whence

1 1
|S$nt1| < ﬁ|51| = 27‘y| < Snt3

for all y with |y| < 4. But then we have for all such y and m >n > N that

1 1 1 1

|gn(y)*gm(y)| = |37m7517n| < |5n+1|+"'+‘5m| < |5n+1‘ (1 + 5 + Z + - ) < 2|5n+1| < 2n+2 < 2N+2

finitely many terms

Choosing N so large that 2V+2 > % the proof that g, is uniformly Cauchy on the y-interval [f%, é] is
now complete.



