
Linear Algebra for Al
Resit Exam 2023

① Let TRI-sM" be a

map
with standard matrixA: (a].

as Is the
map
linear?

Yes because it is a matrixmap,
and a

map given bya matrix
is linear.

I. For which values of a is the
map

invertible?

We know that a matrixmap is invertible if and onlyif its standard matrixis invertible. So that's what we have to check.
In this case we'll use determinants:

detA =aqa) - (a) +4,) =a(a"- 1) - (a - 1) +1 - c
=a- a - a +1+1- a =a- 3c +z =0 - a=1 is arrot, so

a? 3a +2 =(a +a - z)(a- 1)
-

So a=1 and a =- z make detA =0 and hence the map
not invertible. So acIR231, -23 will make it invertible.

a2=-
a
=1

a) For the values for which T is not invertible, find Kert. a
=

-2.

Finding Kert for matrixmaps is the same as finding NulA. Let's start with a =1,
we want to find all solutions to Ax =0.

A =(4]-(888]-
x =

-x-x - (Ei) =x()+ -/],s 9). []] is classfor kert.

Fr a= - 2, A:(?)-(8 -537-(?]-8]()-(E)-x(y],abasis for kertin (1).

② Let A: (*)
as Determine the LU-factorization of A.

We can do so byrow reducing A: (3]-(83)(?] =U and = (,)

Let b=(4]. Use the LU-factorization to solve the system Ax=1.

Since A =LU, Ax=1-LUx-1-((U=) =1, so take
y
=Ux and startlysolving Ly =1: (22) =(), byaugmenting and row-reducing:

Ein]st,sy: (), which means Uxzy, bythe same method:(I)-(telet lose
~ (,],sox:(3]

Find the inverse of A.

We know that if such inverse exists, then (A:I]-(I.A"]. Let's do that:

Essay-litleletter.A(n?



③ Let Use the set of matrices as [?] where a +1+ c+d=0, a, b, c,de/R.

as Show that V is a subspace.
For that we show it satisfies the three conditions:

GoesTaesmin V (i4+ (?)=(id], and axa'theltctceded-Caxfced)+(altbeded) =0+0 =0,so yes.
civic Let[,4]eV and sell, is the scalar product in V?s (Y)=(,), and satsltsatsd = scarffatd) =s0 =0, so yes.

GiLet WCV such that a Ed. Is W also a subspace?

No, since the closure under multiplication is not satisfied. Take for instance [29]eV, lib-1(0):(8.4]*V since 14-1.

④ (e) A =(, =2]
as Show that i=t] is an eigenvestor and find its eigenvalue X..

We have to show that Ar=X.2, so Av: [*] [E7= (E2], sox. =-1.

A Determine the
remaining eigenvalues of Aand give a basis for each eigenspace.

2 - x 11

We find the
remaining eigenvalues bysolving the characteristic equation det2A-x1) =0. det (A-XI) =

2 1 - x -2 =

- 1x2) +x- z -x)x) =I -10 -2-x I
= - ( -2 - 1 +x) +7-z -x)((z-x)(1 -x) - 2) =- x +3 +(-z - x)(2)- 2x - x +x - x) = -x +3 +(- z - x)(X - 3x) =-x +3 - 2x +6X -x +3) =

- x +x +5x +3 =0. We know --1

is a solution so we can divide our characteristic polynomial byxxxx) to get - x +2 x +3, whose roofs are X-4.3==x
which means X.=-1 has multiplicity 2. So the eigenvalues are X=-1 and X2 =3.
Let's find a basis for their eigenspaces bysolving (A-XI) r =0. Start with X. =-1.

1 +1 =(2-2)-(85 =5)-(2)]-2)()= f),calasie: ((
Now for x= 3.
A - 31 -(E)-1-737-9(E) ,solasisis(()).
Is Adiagonalizalle?

No, because Xn=-1 has multiplicity 2 as eigenvalue but its eigenspace has dimension 1. We can also
say
that the sum of dimensions of the

eigenspaces
is 2, not 3,

so because of that it is not diagonalizable.

③ Consider the following basis ((!). [n].(
as Find an orthonormal basis.

Since our basis is not orthogonal we applyGram-Schmidt to orthogonalize it first:
a =v

=(8).
an =v - n=[?] - E (8):().
us =v-m- " =() - () - () =[]-(7 =fie]. Now that we have an orthogonal basis, we have to normalize. So first we

calculate the models of the rectors,Iall=, Ilall==, Ilall=--, now wit illki. So we=(?], wa=[](s).w.fi)(
S. SW, we, way is our orthonormal basis.



1. Calculate the distance between
y= (?] and Spandue, Vis.

Notice that ye veeve, which means that
ye Spangue, wis and therefore distry, Spaniesareelegantdiestatetheirsorthogonal projections, the basis for the spanned space isrequired to be orthogonal. Since S

orthogonal projection of y, which is y itself, so the distance vector is y-y
=0

anyway.

⑥ True or false?

as An orthogonal set cannot be linearlydependent.

It's hard to
sayjust true or false. Strictlyspeaking it's false because 983 is orthogonal and linearlydependent. If we assume the set to not be the zero

vector, then it's true bya theorem that states that
everyorthogonal set of nonzero vectors islinearlyindependent.

I. If the columns of A form a
basis I, then 2xI1=Ax.

False. It's XA=A, or x =ASXIA.

Anew. If Ais similar to A, then x =0 is an eigenvalue of A.

If A is similar to A, then there exists an invertible matrixPsuch that A=PAD. If we look at the determinant, det A=det (PAP-1):del P.detA"defP*
-detP.det P. detA=detA", so we have detA=detA=det(A.A) =detA. detA =(detA)", so detA-detA)"- (detAl"-detA =0 - detA(delA - 1) =0

which
means

either det A =0 or detA= 1, and if detA =0 then X =0 would be an eigenvalue, but since it can happen that detA=1, in that case X =0

would not be an eigenvalue, so false.

1 I

⑦Let An=
18: 2

with n1. Show that detAn= 1, for all nat.I 3 I11?? We know that adding a multiple of one row onto another does not change the determinant.

Thus if we substract the first row from the second
we obtain 10 0...01

1 00...0 1 I IIf we substract it now from the third we get 0 10...01
isare

which still needs one more reduction step. I01 1...0Z IAlso notice how the 3 in the last column turned=
to a 2 after one step of reduction.

eIf we now substract the second from the third wegt

I
1 00... 01

I now inreducedform thetiedintoa forestinO 10...0

: bring the last column to
a 1. After reducing for all rows, we

getthe followingtriangularentire I Ie
product of its diagonal, so 1.


