
Vrije Universiteit Amsterdam, Faculty of Science March 27, 2019
Linear Algebra partial exam 1 15.15-17.15
grade = points / 40 ∗ 9 + 1

Use of calculators, books or notes is not allowed. Motivate your answers.

Question 1 (2p,2p,2p)

Given are the matrix A =

 2 0 −1
2 6 p
−4 −12 2

 and the vector b =

 0
4
q

 .

(a) Let p = 4 and q = 12. Solve the system Ax = b.
(b) Determine the value(s) of p and q such that the matrix equation Ax = b is inconsistent.
(c) Determine the value(s) of p and q such that the vector b is contained in the span of the columns

of A.

Question 2 (2p,2p,1p)

Given is the matrix B =

 3 −1 2 3
−3 1 0 −5

6 −2 5 0

 .

(a) Give the LU -factorization of the matrix B.
(b) Find an explicit description of the null space of the matrix B (i.e. Nul B).
(c) Find a basis for the column space of the matrix B (i.e. Col B).

Question 3 (2p,2p,3p)

Given are the matrix C =

−1 9 3
0 x 1
x −6 0

 with x ∈ R and the vector d =

 2
2
2

 .

(a) Compute the determinant of the matrix C in terms of x.
(b) For what value(s) of x is the matrix C invertible?
(c) Let x = 3. Determine using Cramer’s rule the component y2 of the system Cy = d.
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Question 4 (2p,3p,2p)

Let the transformation T : P2 → R3 be defined by T (p) =

 p(−1)
p(0)

p(−1)− p(0)

 ,

where P2 =
{
p(t) = a0 + a1t + a2t

2 : a0, a1, a2 ∈ R
}

is the set of polynomials of degree at most 2.

(a) Prove that T is a linear transformation.
(b) Find a polynomial p in P2 that spans the kernel of T .
(c) Describe the range of T as a span of vectors.

Question 5 (2p,2p,2p,2p)

Mark each of the following two statements true or false. If the statement is true, give a proof. If
the statement is false, give a proof or provide a counterexample.

(a) Let B be a basis for a vector space V . If the subset {v1,v2,v3} of V is linearly independent,
then the set of coordinate vectors {[v1]B, [v2]B, [v3]B} is linearly independent.

(b) The set of vectors in and on the unit circle, given by U =

{[
x
y

]
: x2 + y2 ≤ 1

}
, is a vector

space.

(c) Let A and B be n× n matrices. If AB is invertible, then both A and B are invertible.

(d) Let A be an m× n matrix. If T : Rn → Rm is a one-to-one linear transformation defined by
T (x) = Ax, then the rank of A is equal to n.

Question 6 (2p,3p,2p)

Let H =


a + 2b

a
3b

 : a, b ∈ R

 be the set of all vectors of the form

a + 2b
a
3b

 .

(a) Prove that H is a subspace of R3.

Given are bases B =


 0

2
−3

 ,

 5
3
3

 and C =


 1

1
0

 ,

 2
0
3

 of H.

(b) Show that the change-of-coordinates matrix from B to C is given by P
C←B

=

[
2 3
−1 1

]
.

(c) Find the change-of-coordinates matrix P
B←C

from C to B.
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