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The document “Prep Exam 2019 Solutions” contains an error in the solution to question 4(b).

The IRF for the {Xt}t∈Z is correct, however, the IRF for {Yt}t∈Z is not. The correct solution is

given below.

For convenience, we define D̃s = (Ỹs−1, X̃s, X̃s−1) . The IRF for {Yt}t∈Z at t = s− 1 , t = s ,

t = s+ 1 , and t = s+ 2 is then as follows. For t = s− 1 we obtain

Ỹs−1 = y .

(by definition of the IRF)

For t = s we obtain

Ỹs = E[Ys|D̃s]

= E[α+ φYs−1 + β0Xs + β1Xs−1 + εs|D̃s]

(by definition of Ys)

= α+ φE[Ys−1|D̃s] + β0E[Xs|D̃s] + β1E[Xs−1|D̃s] + E[εs|D̃s]

(by linearity of the conditional expectation)

= α+ φỸs−1 + β0X̃s + β1X̃s−1 + E[εs|D̃s]

(since Ys−1 , Xs , and Xs−1 are known)

= α+ φỸs−1 + β0X̃s + β1X̃s−1 + E[εs]

(since εs is independent of past data Ys−1 and {Xt} is exogenous)

= α+ φỸs−1 + β0X̃s + β1X̃s−1

(since εt ∼WN(0, σ2))

= α+ φy + β0(x+ v) + β1x

(plugging in the expressions for Ỹs−1 , X̃s , and X̃s−1)

= α+ φy + (β0 + β1)x+ β0v .
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For t = s+ 1 we obtain

Ỹs+1 = E[Ys+1|D̃s]

= E[α+ φYs + β0Xs+1 + β1Xs + εs+1|D̃s]

(by definition of Ys+1)

= α+ φE[Ys|D̃s] + β0E[Xs+1|D̃s] + β1E[Xs|D̃s] + E[εs+1|D̃s]

(by linearity of the conditional expectation)

= α+ φỸs + β0X̃s+1 + β1X̃s + E[εs+1|D̃s]

(by definition of Ỹs = E[Ys|D̃s] , X̃s+1 = E[Xs+1|D̃s] = E[Xs+1|X̃s, X̃s−1] , and Xs is known)

= α+ φỸs + β0X̃s+1 + β1X̃s + E[εs+1]

(since εs+1 is independent of past data Ys−1 and {Xt} is exogenous)

= α+ φỸs + β0X̃s+1 + β1X̃s

(since εt ∼WN(0, σ2))

= α+ φ[α+ φy + β0(x+ v) + β1x] + β0[γ0 + (γ1 + γ2)x+ γ1v] + β1(x+ v)

(plugging in the expressions for Ỹs , X̃s+1 , and X̃s)

= (1 + φ)α+ φ2y + [φ(β0 + β1) + β0(γ1 + γ2) + β1]x+ [β0(φ+ γ1) + β1]v + β0γ0 .

Finally, for t = s+ 2 we obtain

Ỹs+2 = E[Ys+2|D̃s]

= E[α+ φYs+1 + β0Xs+2 + β1Xs+1 + εs+2|D̃s]

(by definition of Ys+2)

= α+ φE[Ys+1|D̃s] + β0E[Xs+2|D̃s] + β1E[Xs+1|D̃s] + E[εs+2|D̃s]

(by linearity of the conditional expectation)

= α+ φỸs+1 + β0X̃s+2 + β1X̃s+1 + E[εs+2|D̃s]

(by definition of Ỹs+1 = E[Ys+1|D̃s] and X̃t = E[Xt|D̃s] = E[Xt|X̃s, X̃s−1])

= α+ φỸs+1 + β0X̃s+2 + β1X̃s+1 + E[εs+2]

(since εs+2 is independent of past data Ys−1 and {Xt} is exogenous)

= α+ φỸs+1 + β0X̃s+2 + β1X̃s+1

(since εt ∼WN(0, σ2))

= α+ φ
[
(1 + φ)α+ φ2y + [φ(β0 + β1) + β0(γ1 + γ2) + β1]x+ [β0(φ+ γ1) + β1]v + β0γ0

]
+ β0[(1 + γ1)γ0 + (γ21 + γ1γ2 + γ2)x+ (γ21 + γ2)v] + β1[γ0 + (γ1 + γ2)x+ γ1v] .

(plugging in the expressions for Ỹs+1 , X̃s+2 , and X̃s+1)
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