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Resit Fourier Analysis T.O. Rot

The use of notes, calculators, etc. is not permitted. You may use partial results from previ-
ous exercises even if you have not managed to prove them. Explain your answers and state
which results you use from the book. Your grade will be %gts + 1.

Recall that the Fourier transform of a function f € S(R) is defined by the formula
= f > f *2””5dm and that the Fourier coefficients of a 27-periodic function g are

glven by g(n) = 5= [7_g(x)e " dx.

Exercise 1. [10+5+7+8 Points| Let f be the 2r-periodic function f(x) = |sin(x)|.

a) Show that the Fourier coefficients of f are given by

% n=>0
f(n)=<0 n is odd
_72 n21_1 otherwise.

b) Show that the Fourier series of f converges uniformly to f.

c¢) Show that

4n2 -1 2
n=1
d) Use Parseval’s identity to show that
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Exercise 2. [8+7 Points] Let f : R — R be a 27-periodic function with Fourier coefficients
f Suppose that f is k times differentiable and that the k-th derivative f* is continuous.
We assume that £ > 0.

~

a) Show that Jf(k\)(n) (in)* f(n).
)

b) Show that f( ) =0(1/n*) as n — oo,
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Exercise 3. [3+7+45 Points| Let f € S(R) with Fourier transform 7.
a) Give the definition of the Schwarz space S(R).
b) Show that if f € S(R) and g € S(R) that then fg € S(R).

¢) Suppose that f is an even function (f(x) = f(—=x) for all z € R). Show that the
function g(z) = (f(x))* + f = f(z) is its own Fourier transform.

Exercise 4. [7+7+6+10 Points]
Consider the differential equation

ou 0?u Ou )
E(m,t) = @(x,t) + 4m%(3:,t) — dr*u(z, t), (1)

which we want to solve for ¢ > 0. We will impose the initial value

u(z,0) = f(z)
for some function f € S(R).

a) Take (formally) the Fourier transform of w in the x variable. Show that this Fourier
transform u satisfies

ou 2 2~
5 (61) = —4m* (€ + 1A 1), (2)

b) Show that
U($, t) — / f(£)€—47r2(§+1)2t627ri§xd§

solves Equation (1). You are allowed to interchange derivatives and integrals without
justification.

The function z — u(x,t) is a Schwarz function for every ¢t > 0, which you may use without
proof below.

c¢) Use Plancherel’s formula to show that

/ " Jule,t) — fla)Pda = / T F©Ple e e,

for all ¢t > 0.

d) Prove carefully that

o0

lim lu(x,t) — f(x)|*dw = 0.
t—0 oo

hint: Use part ¢) and split the integral in two parts: one part f|x and one part

>N
flr\<N' Choose N wisely.



