
Extra Exam Empirical Methods

VU University Amsterdam, Faculty of Exact Sciences

12.00 – 14.45, July 2, 2015

• Also hand in this exam and your scrap paper.

• Always motivate your answers.

• Write your answers in English.

• Only the use of a simple, non-graphical calculator is allowed.

• Programmable/graphical calculators, laptops, mobile phones, smart watches, books,
own formula sheets, etc. are not allowed.

• On the last four pages of the exam, some formulas and tables that you may want
to use can be found.

• The total number of points you can receive is 90: Grade = 1 +
points

10
.

• The division of points per question and subparts is as follows:

Question 1 2 3 4 5 6

Part (a) 3 3 3 1 1 3
Part (b) 3 3 5 8 4 4
Part (c) 3 4 6 2 5 3
Part (d) 3 4 - 8 3 3
Part (e) - - - 3 2 -

Total 12 14 14 23 15 13

• If you are asked to perform a test, do not only give the conclusion of your test,
but report:

1. the hypotheses in terms of the population parameter of interest;

2. the significance level;

3. the test statistic and its distribution under the null hypothesis;

4. the observed value of the test statistic;

5. the P -value or the critical value(s);

6. whether or not the null hypothesis is rejected and why;

7. finally, phrase your conclusion in terms of the context of the problem.
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1. For the following situations identify which of the following applies: simple ran-
dom sample, systematic sample, convenience sample, stratified sample, or cluster
sample. In each case, state whether you think the procedure is likely to yield a
representative sample or a biased sample, and briefly explain why.

(a) People magazine chooses its “best dressed celebrities” by compiling responses
from readers who mailed the magazine their answers to the questions in a
survey that was printed in the magazine.

(b) A marketing expert for MTV is planning a survey in which 500 people will
be randomly selected from each age group of 10-19, 20-29, and so on.

Determine whether the data described in parts (c) and (d) are qualitative or
quantitative and give their level of measurement. Indicate also which type of
visualization is most suited for these data and why.

(c) A question in a survey has five possible answers, 1, 2, 3, 4, and 5, which stand
for very unhappy, unhappy, neutral, happy, and very happy, respectively. The
data consist of the answers to this question of 150 people.

(d) With carbon dating, the ages (in years) of 78 specimens of wood were deter-
mined.

2. From a study conducted three years ago it was concluded that 80% of the people
had “good” financial credit ratings, while the remaining 20% had “bad” financial
credit ratings. Current records show that 30% of those with bad credit ratings
have since improved their ratings to good, while 15% of those with good credit
ratings have since changed to having bad credit ratings.

In the items below, do not only give your answer, but also show how you obtained
it and name the rule(s) or property(ies) of probabilities that you have used for its
computation.

(a) What is the probability that two randomly chosen people from the population
had good credit ratings three years ago?

(b) What is the probability that at least one of three randomly chosen people
had bad credit ratings three years ago?

(c) What is the probability that a randomly selected person now has good rat-
ings?

(d) What is the probability that a person who has good ratings now, had bad
ratings three years ago?

3. Assume that systolic blood pressure is a normally distributed random variable
with mean µsys = 121 and standard deviation σsys = 15.

(a) What is the probability that the systolic blood pressure of a randomly selected
person is larger than 140?

(b) What is the probability that the mean of the systolic blood pressures of 25
randomly selected people is between 118 and 126?

Now assume that the diastolic blood pressure in a population is a normally dis-
tributed random variable with unknown mean µdia and known standard deviation
σdia = 15. Suppose that the diastolic blood pressure in a sample of 16 randomly
selected people from that population is measured and that the sample mean is
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x = 87.0. We want to investigate the conjecture that the unknown population
mean µdia is larger than 81.

(c) Use a suitable statistical test to investigate this conjecture. Take significance
level α = 0.05.

4. Listed below are two samples of body temperatures (in ◦C):

sample 1: 36.1 35.7 36.4 35.8 36.6 37.3;
sample 2: 36.7 37.0 37.1 36.7 37.0 36.4.

The sample means and sample standard deviations for these data are:

for sample 1 : x1 = 36.3, s1 = 0.59;

for sample 2 : x2 = 36.8, s2 = 0.26;

for the pairwise differences : d = −0.5, sd = 0.75.

Some other numbers that you may or may not use:

sp
√

1/n1 + 1/n2 = 0.26,

√
s21
n1

+
s22
n2

= 0.26.

First assume that the temperatures were measured on 6 subjects, at 8.00h and at
12.00h in the morning, resulting in sample 1 and sample 2, respectively.

(a) Give an estimate of the difference in mean temperature at 8.00h and 12.00h.

(b) Use a suitable t-test (motivate your choice!) to investigate the claim that
on average the temperatures at 8.00h are lower than those at 12.00h. Take
significance level α = 0.05.

Now assume instead that all temperatures were measured at 8.00h, with sample 1
containing the temperatures of 6 men and sample 2 containing the temperatures
of 6 women.

(c) Give an estimate of the difference in mean temperature at 8.00h of men and
women.

(d) Use a suitable t-test (motivate your choice!) to investigate the claim that the
mean temperatures at 8.00h of men and women are different. Take signifi-
cance level α = 0.05.

(e) Is the use of a t-test in parts (b) and (d) justifiable? Motivate your answer.

5. In a poll among 100 randomly selected VU-students about whether or not they
agree with the statement that students who have more than 12,000 euros extra
earnings should not obtain a scholarship, 8 students agreed with the statement
and 92 students disagreed. Let p be the fraction of VU-students who agree with
the statement.

(a) Determine the usual point estimate p̂ for p.

(b) What is the interpretation of a 95% confidence interval for the unknown
population proportion p?

(c) Give the 95% confidence interval based on the results of the poll among the
100 students.
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(d) In general, to estimate p with a 95% degree confidence and a margin of error
of 0.05, what should be the minimum sample size?

(e) Compare your answer and the margin of error of part (d) with the size of the
poll and the margin of error that you used to compute the interval in part
(c). Can you explain the differences/similarities?

6. In each province a number of randomly selected people were asked whether or
not they think that the appearance of Zwarte Piet should change. The results for
Limburg, Groningen, and Noord-Holland are given in the following table.

change no change total

Limburg 3 147 150

Groningen 6 194 200

Noord-Holland 22 228 250

total 31 569 600

(a) Use the table to give, for each of the three provinces separately and under the
assumption that there is no relationship between the variables ‘province’ and
‘change’, the expected number of people in the sample from that province
who think that the appearance of Zwarte Piet should change.

(b) Suppose that we wish to investigate with a chi-square test whether or not
there is a relationship between the variables ‘province’ and ‘change’. Formu-
late suitable hypotheses, specify the test statistic (also tell what the symbols
that you use in the formula that you give for the test statistic, stand for),
and its distribution under the null hypothesis. (You do not need to compute
the observed value of the test statistic.)

(c) The observed value of the test statistic for these data is 11.72. What would
be the conclusion of the test that you described in part (b) for significance
level α = 1%? Motivate your answer.

(d) The test that you described in part (b) should only be used when certain
requirements are met. What are these requirements and are they satisfied in
this case?
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Formulas and Tables for Exam Empirical Methods

Probability

We use the following notation:
Ω sample space, P probability measure.
B,A1, A2, . . . , Am events,
A1, A2, . . . , Am a partition of Ω with P (Ai) > 0 for all i ∈ {1, 2, . . . ,m}.

Law of Total Probability :

P (B) =

m∑

i=1

P (B ∩Ai) =

m∑

i=1

P (B|Ai)P (Ai).

Bayes’ Theorem:

P (Ar|B) =
P (Ar ∩B)∑m

i=1 P (B|Ai)P (Ai)
=

P (B|Ar)P (Ar)∑m
i=1 P (B|Ai)P (Ai)

.

Two independent samples

(The statements below hold if certain requirements are met.)

For two independent samples,
(i) if σ1 and σ2 are unknown and σ1 6= σ2, the test statistic

T2 =
(x̄1 − x̄2)− (µ1 − µ2)√

s21/n1 + s22/n2

has a t-distribution with approximately ñ degrees of freedom under the null hypothesis. We
use the conservative estimate ñ = min{n1 − 1, n2 − 1}.
(ii) if σ1 and σ2 are unknown and σ1 = σ2, then the test statistic

T eq
2 =

(x̄1 − x̄2)− (µ1 − µ2)√
s2p/n1 + s2p/n2

has a t-distribution with n1 + n2 − 2 degrees of freedom under the null hypothesis. Here sp
is the square root of the pooled sample variance s2p given by

s2p =
(n1 − 1)s21 + (n2 − 1)s22

n1 + n2 − 2
.

(iii) if σ1 and σ2 are known, then the test statistic

Z =
(x̄1 − x̄2)− (µ1 − µ2)√

σ21/n1 + σ22/n2
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has a standard normal distribution under the null hypothesis.
(iv) if p1 = p2, the test statistic

Z =
(p̂1 − p̂2)− (p1 − p2)√

p̄(1− p̄)/n1 + p̄(1− p̄)/n2

approximately has a standard normal distribution. Here p̄ = (x1 +x2)/(n1 +n2) is the pooled
sample proportion.
(v) the margin of error for a 1− α confidence interval for p1 − p2 is given by

E = zα/2
√
p̂1(1− p̂1)/n1 + p̂2(1− p̂2)/n2.

Correlation

Under certain conditions the test statistic

Tcor =
r − ρ√

(1− r2)/(n− 2)

has a t-distribution with n− 2 degrees of freedom. Here ρ is the population linear correlation
coefficient and r is the sample linear correlation coefficient given by

r =
1

n− 1

n∑

i=1

[(xi − x̄)(yi − ȳ)

sxsy

]
.

Linear regression

Let β0 be the unknown intercept and β1 the unknown slope of a linear regression model with
one explanatory variable, and let b0 and b1 be the corresponding estimators, i.e. the intercept
and slope of the regression line (the ‘best’ line). Then b0 and b1 are given by

b1 = r
sy
sx

and
b0 = ȳ − b1x̄.

If certain requirements are met, then the test statistic

T1 =
b1 − β1
sb1

has a t-distribution with n−2 degrees of freedom. Here sb1 is the standard error (i.e. estimated
standard deviation) of the estimator b1.
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