Exam Empirical Methods
VU University Amsterdam, Faculty of Exact Sciences
18.30 — 21.15h, February 12, 2015

Question 1 is on this page.

e Always motivate your answers.

e Write your answers in English.

e Only the use of a simple, non-graphical calculator is allowed.

e Programmable/graphical calculators, laptops, mobile phones, smart watches, books, own
formula sheets, etc. are not allowed.

e On the last four pages of the exam, some formulas and tables that you may want to use can
be found.

int
e The total number of points you can receive is 90: Grade =1 pollgl i
e The division of points per question and subparts is as follows:
Question | 1 | 2 | 3 |4 |5 |6 |7
Parta) | 3 |3 | 4|2 |8 ] 4] 2
Partb) | 4 | 3 |3 |5 | 2] 2] 2
Part ¢) 413|822 |26
Partd) | 3 |2 |3 ] 2] -6 -
Total 14|11 |18 |11 |12 |14 | 10

e If you are asked to perform a test, do not only give the conclusion of your test, but report:

the hypotheses in terms of the population parameter of interest;
the significance level,

the test statistic and its distribution under the null hypothesis;
the observed value of the test statistic;

the P-value or the critical value(s);

whether or not the null hypothesis is rejected and whys;

A T o

finally, phrase your conclusion in terms of the context of the problem.

1. Alice throws a fair coin twice.

(a) Give the sample space 2 and probability measure P for this experiment.

(b) Are the events A = {First throw is Heads} and B = {Precisely one throw is Tails} in-
dependent events?

(c) Alice receives 2 euros for each time she throws Heads, but she loses 1 euro for each time
she throws Tails. Let X be the random variable which denotes the amount Alice earns
after the two throws.

What is the probability distribution of X7

(d) Compute, using part (c), the expectation E(X) of X.



2. Figure 1 below shows a boxplot and a normal Q-Q plot of a sample .

(a) Describe briefly what the boxplot tells you about the location, spread and shape of the
underlying distribution of the data.

(b) What can you deduce from the Q-Q plot with respect to the tails of the underlying
distribution of the data compared to the tails of a normal distribution?

(c) For each of the histograms in Figure 2 below indicate why it could or could not be a
histogram of the sample .

(d) Will the sample mean of x be larger, smaller or roughly equal to the sample median?
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Figure 1: Boxplot and normal Q-Q plot of a sample =x.
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Figure 2: Three histograms.

3. Assume that the amount of beer in a randomly selected beer bottle has a normal distribution
with mean g = 300 ml and standard deviation ¢ = 5 ml.

(a) What is the probability that one randomly selected beer bottle contains between 294
and 307 ml of beer?

(b) What is the probability that the mean volume of beer in a random sample of n = 25
beer bottles is at least 299 ml?

Now assume the amount of beer in a beer bottle from company A is normally distributed with
unknown mean g and known standard deviation ¢ = 5 ml. The amount of beer in n = 16
randomly selected beer bottles from company A is measured and the sample mean equals
T = 298.2



(c) Use the P-value method for a suitable hypothesis test (motivate your choice!) to test
the claim that the mean amount of beer is less than 300 ml at significance level a = 0.05.

(d) If a 90% confidence interval with margin of error E = 1 ml were required for the mean
amount of beer in a bottle, how many bottles should be measured?

4. On a particular day, 22 out of 542 visitors to a website clicked on a certain web banner. After
the banner was modified, it was found that 64 out of 601 visitors to the website on a day
clicked on the web banner.

(a) Give a point estimate for the difference between the proportions of people who click on
the banner before and after the modification.

(b) Construct a 95% confidence interval for the difference between the proportions of people
who click on the banner before and after the modification.

(c) What is the interpretation of the confidence interval obtained in part (b)?

(d) Based on your answer of part (b), was the modification successful?

5. A researcher wants to investigate the claim that among married couples, females speak more
words in a day than males. She randomly selects 71 couples and the total number of words
spoken in a day is counted for both the husband (sample 1) and wife (sample 2). Some
sample statistics regarding this experiment which you may or may not use in your analysis
are shown below (d and sy denote the mean and standard deviation of the pairwise differences
in total number of words spoken between husband and wife and s, denotes the pooled sample
standard deviation):

7 = 16576.1, Ty = 18443.3,d = —1867.2,
s1 = T871.5, s = T459.6, s = 8955.2, 5, = 7668.3.

(a) Test with a suitable hypothesis test (motivate your choice!) the claim that among
married couples, females speak more words in a day than males. Take significance level
a = 0.05.

(b) The test you performed in part (a) should only be used if certain requirement(s) are
met. What are these requirement(s) and are they met in this case?

(c) What is the interpretation of the significance level a = 0.057

6. Estimating the costs of drilling oil wells is an important consideration for the oil industry.
For 16 randomly selected oil wells both their depth (km) and drilling costs (mln EUR) were
measured and stored in respective datasets x and y. A linear regression analysis was carried
out with explanatory variable ‘depth’ and response variable ‘drilling costs’. Some sample
statistics of the data that you may or may not use are:

1—r2
5 = 0.08L, 5y, = 0.77, 5, = 0.28.

T =2.58,7 = 6.35,5, = 0.80, 5, = 2.80,7 = 0.95,

Furthermore, a scatterplot of the drilling costs against the depth of oil wells is shown in
Figure 3 (see next page).



(a) Provide an estimate for the regression equation by eye.

(b) Based on your answer of part (a), what is your prediction for the drillings costs of a well
with a depth of 4.0 km?

(¢c) Compute the coefficient of determination. What is its interpretation?

(d) Test the claim that p = 0, i.e. that there is no linear correlation between depth and
drilling costs of oil wells. Take significance level o = 0.05.
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Figure 3: Scatterplot of drilling costs against depth of oil wells.

7. A variety of different datasets includes numbers with leading (first) digits that follow, accord-

ing to Benford’s law, the following distribution:

Leading digit 1 2 3 4 5 6 7 8 9
Percentage 30.1% | 17.6% | 12.5% | 9.7% | 7.9% | 6.7% | 5.8% | 5.1% | 4.6%

Since the numbers people report in tax files are among the datasets that should behave
according to Benford’s law, this law can be used to detect fraud: if the observed frequencies
of the leading digits differ significantly from the expected frequencies according to Benford’s
law, then the tax file appears to result from fraud. A tax inspector checks a tax file with 377
numbers and finds the following frequencies of leading digits:

Leading digit | 1 21314567819
Frequency 132161 |51 |43 |32 (25|18 |11 |4

(a) Compute the expected frequency of 9 as leading digit for this tax file under the assump-
tion that the leading digits follow the distribution specified by Benford’s law.

(b) Use part (a) to show that the requirements for a chi-square goodness-of-fit test are
satisfied.

(¢) Perform a chi-square goodness-of-fit test to investigate whether the tax file appears to
be legitimate. Use significance level a = 0.01.
The observed value for the test statistic is 19.87, so you do not have to compute this
value!



Formulas and Tables for Exam Empirical Methods

Probability

We use the following notation:

Q) sample space, P probability measure.

B, Ay, A, ..., A, events,

Ay, Ag, ..., Ay a partition of Q with P(A;) >0 for all i € {1,2,...,m}.

Law of Total Probability:

PB) =3 PBAA) =3 P(BIA)P(A).
=1 =1
Bayes’ Theorem:
P(A,.NB) P(B|A,)P(A,)

PUB) = S (5140 P& — S0, P(BIA)P(A)

Two independent samples

(The statements below hold if certain requirements are met.)

For two independent samples,
(i) if o1 and o9 are unknown and o # o9, the test statistic

T, — (T1 — T2) — (11 — p2)

\/s1/n1 + s3/na

has a t-distribution with approximately n degrees of freedom under the null hypothesis. We
use the conservative estimate 7 = min{n; — 1,ny — 1}.
(i) if o1 and o9 are unknown and o1 = o9, then the test statistic

qea _ (@1 = T2) — (1 — pi2)
59 =
\/52/n1 + 83/n2

has a t-distribution with n1 + no — 2 degrees of freedom under the null hypothesis. Here s,
is the square root of the pooled sample variance 512, given by

2o (m—Dsi+(n2—1)s3
p ny +ng — 2

(#3) if o1 and o9 are known, then the test statistic

(T1 — %2) — (11 — p2)

\/a%/nl —I—U%/ng

1

7 =



has a standard normal distribution under the null hypothesis.
(iv) if p1 = pa, the test statistic

__ (Pr—p2) = (pr —p2)
VP =p)/m1 +p(1 —p)/n2
approximately has a standard normal distribution. Here p = (x1+x2)/(n1+n2) is the pooled

sample proportion.
(v) the margin of error for a 1 — « confidence interval for p; — ps is given by

E = z,9\/p1(1 = p1) /1 + p2(1 — p2) /na.

Correlation

Under certain conditions the test statistic
r—p
V- -2)

has a t-distribution with n — 2 degrees of freedom. Here p is the population linear correlation
coefficient and r is the sample linear correlation coefficient given by

Tcor -

n
T =

[

=1

Linear regression

Let By be the unknown intercept and 3; the unknown slope of a linear regression model with
one explanatory variable, and let by and b, be the corresponding estimators, i.e. the intercept
and slope of the regression line (the ‘best’ line). Then by and b; are given by

S
b1 = 7,73/
Sz

and
bo =1y — b1Z.

If certain requirements are met, then the test statistic

:b1—51

Sby

Ty

has a t-distribution with n—2 degrees of freedom. Here sp, is the standard error (i.e. estimated
standard deviation) of the estimator by.
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