
Discrete Mathematics

2020 Midterm - Solutions

① a) Notice that G has more than 2 vertices of

odd degree , e.g. a.bae , . . .
Since a connected

graph has an Eulerian trail if and only g-
it contains at most 2 vertices of odd degree,
G does not contain an Eulerian trail

.

b) G and H are isomorphic graphs if there exists

a bijection f. V16) →
VIH) such that for each

my
c- V10 , my

c- ECG) if and only if flnlflyl c- ECH).
Consider f-- { lfikl , ljirl , 1g , g) , le, e), Chip),

(olim) , (i,o) , (cir ) , Cait) , (bio ) }

Then G and H are isomorphic .
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03 2n No , because otherwise
,
we could

colour the vertices Kip,q using 2
colours .

But

these vcrhkes fern a 3- cycle . Hence ✗ (G) =L .
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② Suppose degcv) is odd
.
Let G' be the connected

component of G containing v. The sum of theology

¥T-ices in G
'
is even

,
so there must be another

vertex w in G
' which has odd degree . Since

u and w are in the same connected component,

there must be a path from v to w
.



③ siÑÉG) >112 .
G is Hamiltonian so it has

a Hamiltonian circuit
, say C. Label

the vertices

of C in clockwise order by Ui, ilia ,
' " 's Vin

where { ii. in - ii.
, in } is a permutation of { t.mn } .

Then the vertices Ui
,
i ti

,<+ ,
are connected

by an edge in C for any
1 2- K&n .

That

is [A) ik.in ,
-

- l -1-0
.

Now starting a Vik , transverse C in the

counterclockwise order to % , .

This is a

walk from Vik to viz,,
which uses Cn - 1) edges.

Therefore [A"']iµiµ
,

-1-0 for any
11k£ n

.
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weight = 5×1-1 ✗2+4×3=31



⑤ a) Let c = I bcr)
R
region

where bcr) is the bound degree of R = # of edges
on the boundary of R

Since
every edge bounds at most two regions :

c I 2g

Also c >, 4Gt ) -16 = Lir -12

£ I
G has no has a region
3-cycles of bound degree 6

Then 2g 3
,
Lir-12 so q > 2r -11 as required.

b) By Euler 's formula , ns.q-ir-2ser-2-n-iq .

Substituting in Cal ,

93 2r-11=212 - n + g) +1=5
- In -12g ⇒

2n 35+9 .


