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Dynamic Programming

The material being addressed corresponds - but does not
strictly follow - chapter 6 of the book Algorithms by
Dasgupta et al.

You should read the whole chapter.
Do not worry if there are things that you do not fully

understand at first, the tutorial coming Thursday should
make it all clear.
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We learned already...

On Lecture 2 we learned about NP, P and NPC.

We also learned how to prove membership to NPC using
polynomial reduction.

We know now how to show that a problem is indeed
hard.

But are the ‘easy’ problems always easy to identify as
such?
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First impressions may deceive...

Now we consider problems that may seem difficult until
we approach them efficiently.

This week we use dynamic programming.

We will understand that dynamic programming is
fundamentally different from recursion, despite the

similarities to the eye.
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Topics

The idea behind Dynamic Programming.
The magic of Dynamic Programing.

The relation with ‘divide and conquer’.
Pseudo polinomiality.

Three faces of dynamic programming.

The curse of dimensionality.
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Suppose you need to travel from a to h and pay the least
possible amount of money. You know friends who live in all
cities you may travel to. How do you find the cheapest
journey?
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Dynamic Programming

DP is a method for solving certain kind of problems. DP can be
applied when the solution of a problem can be found from
solutions to sub-problems.

We need to find a recursive formula for the solution. We can
recursively solve sub-problems, starting from the trivial case, and
save their solutions in memory.

In the end we’ll get the solution of the whole problem.

NOTE: the principle of optimality (validity of the recursive
formula) is fundamental!

NOTE: a recursive formula satisfying the principle of optimality is
called a Bellman equation.

NOTE: despite the recursive nature of dynamic programming it is
not the same as implementing a recursive function!

17-02-2020 Combinatorial Optimization 7 VU k



Properties needed from the problem

 Simpler Sub-problems
We should be able to break the original problem to smaller
sub-problems that have the same structure

 Optimal Substructure of the problems
The solution to the problem must be a composition of sub-
problem solutions

 Sub-problem Overlap
Unlike ‘branch and bound’ - which is based on a partition of
the solution space - sub-problems may overlap
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Dynamic Programming

* Characterize the structure of an optimal solution

* Recursively define the value of an optimal solution

 Optimal solution to the problem contains optimal
solutions to sub-problems

e Compute the value of an optimal solution in a
bottom-up fashion

 Use ‘table’ (the state space) to save the solutions to
sub-problems

* Avoid repeated work
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Fibonacci numbers

F(1) =F(0) =1
F(n) = F(n-1) + F(n-2)

fib( n:integer )
{
if ( n==0 or n==1 )
return 1;
else
return fib(n-1) + fib(n-2);
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Running Time of Algorithm 1

F(5)
F(4) F(3)

F(3) F(2) F2)  FQ1)

AN ANAN

F(2) F(1) F(1) FO) F(1) F(0)

/\

F(1) F(0)
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Running Time of Algorithm 1
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F(4) F(3)
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Tm)=k+Tn—1)+Tn—-2)=Tn—1)+Tn —2)
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Running Time of Algorithm 1

F(3) F(2) F2)  FQ1)

AN ANAN

F(2) F(1) F(1) FO) F(1) F(0)

/\

F(1) F(0)

Running time approximately equal to the Fibonacci number itsglf!
S~ 1.62

2
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See https://en.wikipedia.org/wiki/Fibonacci_number#Closed form_expression for F(n) = round(%) with ¢ =



https://en.wikipedia.org/wiki/Fibonacci_number#Closed_form_expression

Running Time of Algorithm 1

F(5)

/\

F(4) F(3)

N N\

F(3) F(2) F2)  FQ1)

AN ANAN

F(2) F(1) F(1) FO) F(1) F(0)

/\

F(1) F(0)
Running Time is 0(¢™) = 0(2™)
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Algorithm 2

fib( n:integer )
{ f£[0]=1; £[1l]=1;
for 1=2 to n
{
f[i] = £[1-1] + £[1i-2];
}

return f[n];

}

Time complexity is O(n).

n 0 1 2 3 4 5 6 7

Fm) |1 (1 |2 |3 |5 |8 |13 |21
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Dynamic Programming is not recursion

The difference between algorithm 1 and algorithm 2 to
compute Fibonacci numbers illustrates the difference
between recursion and dynamic programming:

Dynamic programming builds new states of computation
from previous states without repeating the same
computations.

Note: Fibonacci numbers are so special that in fact can
be computed even faster...
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Algorithm 3

fib( n:integer )

{

phi = (l+sqrt(5))/2;

return round(phi”n / sqrt(5)):;
}

Time complexity is O(1).

Strictly speaking we do not need dynamic programming
to evaluate the Fibonacci number of order n. We did use
it to explain the difference between DP and recursion.
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Each Dynamic Programming assignment

requires the following steps in the answer

(1) The subproblems to solve.

(2) The optimal value, expressed in terms of the subproblems
(3) Initial values.

(4) The recurrence

(5) Analysis of the used space.

(6) Analysis of the running time.
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LCS

Longest common subsequence
= x = “sarlempiolcewe”
= v = “westigmupsalrte”
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LCS

Longest common subsequence
= X = “sariempiolcewe”
= vy = “westigmupsalrte”
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LCS

Longest common subsequence
= X = “sariempiolcewe”
= vy = “westigmupsalrte”

(14 LCSKmer s Vo) if X =Yy
LCS(Xm, Yn) = {max{LCS(Xm_1 ,Y.),LCS(X,,,Y,—1)} otherwise

LCS(Q,Y) =LCS(X,0) =0

Solution: Proceed from the end of the strings and
= Ifx, =y, add 1to the number of symbols in LCS(x,. ,, v, ;)
= Ifx, %y,

> Skip last symbol from x or last symbol from y

> Decide which symbol to skip by comparing

LCS(x,,, v,.;) and LCS(x,. ,, ¥,)
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Note how the first four steps have been

done...

(v') The subproblems to solve.

(v') The optimal value, expressed in terms of the subproblems
(v') Initial values.

(v') The recurrence

(5) Analysis of the used space.

(6) Analysis of the running time.
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LCS Implementation

int lcsRec(int i, int 7j) {

if (1==0 || 3==0) return O;
else if (x[i] == y[3J])

return lcsRec(i-1,3-1) + 1;
else

return max(lcsRec(i-1,73),1lcsRec(i,J-1));

}

Recurrence for time complexity: T(2n) =2T(2n-1)
= 2(2T(2n-2))
T(2n) = T(2n-2)+k if X[n]=y[Nn] = 4T(2n-2)
T(2n) = 2T(2n-1)+k if x[n]!=y[n] = 4(2T(2n-3))
T(2n) = k if n=0 - 81(2n-3)
= 2T (2n-)
= 22n = AN
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Remember the clifthanger?

Previous implementation
computes the optimal
value of LCS

Question: extend it to
find the solution!

Question: Is LCS it in NP?
Question: Is LCS hard?
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LCS Implementation

int lcsRec(int i, int 7j) {

if (1==0 || 3==0) return O;
else if (x[i] == y[3J])

return lcsRec(i-1,3-1) + 1;
else

return max(lcsRec(i-1,73),1lcsRec(i,J-1));
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LCS alternative implementation

int lcsMemo(l
if (cl[1][37]
else if (x[1
cli][3J] =
return c|1
}
else {
cli]([J] =
return c|
}

t i, int j) {

!= -1) return cli]
] == vyIi3]) |
lcsMemo (1-1,3-1)
1031

max (lcsMemo (i-1,7)

i][31: }

(717

+ 1;

, lcsMemo (i, J-1));

c String X

String y

T(n)

17-02-2020

= O(n?)
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Runtime Comparison

N Recursive Memo
10 0.004 0.002
15 0.774 0.002
17 4.760 0.003
18 11.216 0.003
20 154.464 0.003
100 0.005
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Are we there yet?

The memo version of LCS is a version of DP,

DP can be implemented in a forward or in a backward
fashion.

The memo version is the backward fashion.

We now illustrate the forward version. This is DP is a
systematic way to fill the table.

Both versions differ in the way you read the same
bellman equation...
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Longest Common Subseqguence

Instance: two sequences of strings A, and B.
Find a longest common subseguence.

Example:
AAAATTGA
TAACGATA
Sol: AAATA

How about?
ATTTAAAAATTCTTTTTGGGGATAT
AATATGGTTTCTTTGATATGGG
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TACCBT
ATBCBD 1 [T o Jo 2 [2 |1 |12 |2
2 [a Jo |1 |12 [2 [1 |1 |2
3 |c Jo |1 |1 [2 [2 |2 |2
‘ 4 |c lo |1 2 |12 |2 |2 |2
\\:¢ s |8 (o [1 [t [2 [2 |3 |3
6 [T o [1 |2 [2 [2 |3 |3
L(i,))=0 If i=0 or j=0
L(@i,j) = L3i-1,j-1) + 1 iIfi,j >0 and x[i] = y[j]

L(i)) = maxd L(-L), LD}  ifij>0and x[i] 12 ¥[i]
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ABDDRE 0 o |lo [o o |o o Jo
BEBEDE 1 |A |0
2 B o
3 |D |o
‘ 4 |p |o
\\:¢ 5 |B |0
6 |E |o
L(i,j) =0 If 1I=0 or j=0
L(i,j)) = L(i-1,j-1) + 1 if1,] > 0 and x[i] = y[j]

L(i)) = max{ L(-L), LAJ-D Y ifij>0and x[i] 12 ¥[j)
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ABDDRE 0 o |lo [o o |o o Jo

BEBEDE 1 |A o |o o o |o |o |o

2 | Jo 12 12 [1 |1 |1 |1

3 b lo |12 2 |1 |1 |2 |2

‘ 4 |p |o |1 |12 |1 |1 |2 |2

\\:¢ 5 |B |o [1 |12 [2 |2 |2 |2

6 | [o [1 |2 [2 [3 [3 |3

L(i,j) =0 If 1I=0 or j=0

L(i,j)) = L(i-1,j-1) + 1 if1,] > 0 and x[i] = y[j]

(1)) = maxd L(-L), LD} ifij>0and x[i] 12 ¥[i]
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Questions about DP for LCS

Previous implementation computes the optimal value.
Question: what is the running time of the previous
algorithm?

Question: what is the minimum space needed by the
previous algorithm?

Question: extend the previous algorithm to find the
optimal solution.

Question: what are the running time and space
requirements of the new algorithm, that finds the
optimal solution? ’
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The six steps, in more detail.

(1) What is the sub problem to solve? (In other words: What will be in the
table?)

(2) What is the optimal value, expressed in terms of the subproblems? (In
other words: How do you find the optimal value once the table is filled?)

(3) What are the initial values? (In other words: What values can you fill in
right away?)

(4) What recurrence is used?. (In other words: Given the initial values, how to
compute the rest?)

(5) What is the used space? (In other words: What is the size of the DP table?)

(6) What is the running time? (This is usually the size of the table times the
time it takes to compute one value of the table.)

Note: may you need an additional step to find the solution, as in the LCS by
backtracking on the table, you should provide an analysis of its time and
memory as well.
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Matrix Multiplication

%3 3x5 7x5

Ax B:pxr requires pxgxr scalar multiplications
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Matrix-Chain Multiplication

4 matrices: A B CD
Sizes: 50x10, 10x40, 40x30, 30x5

(((AB)C)D)
((A(BC))D)
((AB)(CD))
(A((BC)D))
(A(B(CD)))

17-02-2020

: 87500 multiplications
: 34500 multiplications
: 36000 multiplications
: 16000 multiplications
: 10500 multiplications
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How many ways are there?

A, A, A, ..., An
Let T (n) be the number of ways to compute the
product of n matrices.
Suppose the last multiplication is
- (A, 4, .., Ai) (Aj4q, ., AN), 1<i<n—1
T(i) T(n — i) ways for a fixed i
T(n) =Yy 1T(HT(n—1)

1) =1
n 1 |2 |3 |4 |5 |6 |7 8 9 10

T(n) 1 |1 |2 |5 |14 |42 |132 |429 |1430 |4862

See https://en.wikipedia.org/wiki/Catalan number
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https://en.wikipedia.org/wiki/Catalan_number

Notation

Let m(L,R) be the optimal number of multiplications

needed to compute
A A;4q .- Ag wherel<LandR<n

We want to compute m(1, n)

m(L,R) = 0ifL = R
m(L,R) =?ifL < R

A;is Cj_q by C; matrix
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Optimal ordering of matrix multiplication

Suppose the last multiplication is
- (AL'AL+1I ""Ai ) (Ai+1i "'JAR)
= whereL< i<R-—-1
m(L,R) = m(L,i)+ m(i+ 1,R) + c;_4 ¢; ¢,
We don’t know the value of i.
We have to try them all

m(L,R) = min {m(L,1)+m(1+1,R)+c, _,C.C.}

L<i<R-1
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OO~ [W|N

17-02-2020

m(L,R) =0 ifL=R,
m(L,R) = min_ _; . g{ m(L,i) + m(i+1,R) + ¢, _;*C;*Cy } otherwise
m(1,5) = min, .; . ,{ M(1,1) + m(i+1,5) + c;*c;*Cs }
=min{ m(1,1) + m(2,5) + c,*c,*Cc ,
m(1,2) + m(3,5) + c,*Cc,*C:
m(1,3) + m(4,5) + cy*cg*C:

m(1’4) + m(5(305 + CQ Ogtﬁnizg:t@n

ig

Tl 4
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2 |- |0 |64 [112]174|250
3 |- |- |0 |24 |70 |138
4 |- |- |- |o |30 |90
5 |- |- |- |- |0 |90
6 |- |- |- |- |- |0

m(1,4) = min, .; . ;{ M(1,1) + m(i+1,4) + c;*c;*c, }
=min{ m(1,1) + m(2,4) + c,*c,*c,,

m(1,2) + m(3,4) + c,*c,*c, ,

m(1,3) + m(4,4) + c,*c3*c,
+ 112 +7*8*3,

= min{

17-02-2020

224 +
176 +

¥

24 +7*4%3,

0

+7%2*3 }
= min{ 280, 332, 218 } = 218

Combmiatorial Optimization
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Running time
O(n3)
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Questions about DP for CMM

Previous implementation computes the optimal value of
Chained Matrix Multiplication.

Question: what is the running time of the previous
algorithm?

Question: what is the minimum space needed by the
previous algorithm?

Question: extend it to solve the find the optimal
solution.

Question: what are the running time and space
requirements of the new algorithm, that finds the |
optimal solution?
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0-1 Knapsack problem

Given a knapsack with maximum capacity W, and a set S

consisting of n items
Each item i has some weight w; and benefit value b; (all w;, b;and

W are integer values)
Problem: How to pack the knapsack to achieve maximum total

value of packed items?
0-1 Knapsack Problem is to find

max » b, subjectto Y w, <W

leT leT
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Recursive Formula for subproblems

It means, that the best subset of S, that has total weight

w is one of the two:
1) the best subset of S, ; that has total weight w, or
2) the best subset of S, ; that has total weight w-w, plus

the item k
- B[k,w] means the best we can get with
items 1..k and weight no more than w
- Recursive formula for subproblems:

B[k, W] = B[k —1, w] It w, >w
| max{B[k —1,w], B[k —L, w—w,]+b } else
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Recursive Formula

The best subset of S, that has the total weight w, either
contains item k or not.

First case: w,>w. Item k can’t be part of the solution,
since if it was, the total weight would be > w, which is
unacceptable

Second case: w, <=w. Then the item k can be in the

solution, and we choose the case with greater value
B[k -1, w] If w, >w

Blk,w] =
max{B[k -1, w], B[k -1, w—w,]+Db, } else
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0-1 Knapsack Algorithm

forw=0to W
B[O,w] =0
fori=0ton
B[i,0] =0
forw=0toW
if w.<=w //item i can be part of the solution
if b, + B[i-1,w-w.] > B[i-1,w]
B[i,w] = b, + B[i-1,w- w/]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w.>w
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forw=0to W O(W)
B[O,w] =0

fori=0ton Repeat n times
B[i,0] =0
forw=0to W O(W)

< the rest of the code >

What Is the running time of this algorithm?
O(n*W)
Straightforward algorithm takes O(2")
17022020 Combinatorial Optimization s VU



Let’s run our algorithm on the
following data:

n = 4 (# of elements)

W =5 (max weight)
Elements (weight, benefit):
(2,3), (3,4), (4,5), (5,6)
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Example (2)

W

OO A WO N P O
OO0 OO0 | 0O | o

forw=0toW
B[O,w] =0
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Example (3)

W

OO A WO N P O
OO0 OO0 | 0O | o

fori=0ton
B[1,0] =0

17-02-2020 Combinatorial Optimization 51 VU k



Example (4)

W ] 2:(3,4)
0 [ 0] 0|0 | O 0 3: (4,5)
1 | 00 =1 4: (5,6)
2 | 0 b;=3
3 0 wW;=2
4 | o =
5 0 w-w; =-1

If w, <=w //item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w; >w
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Example (5)

W 2:(3,4)
0 | 0,/ 0 | 0 | O 0 | | 3: (4,5)
1 | 0o \o =1 4: (5,6)
2 | 0 |'3 0;=3
3 0 wW;=2
4 | 0 =2
5 0 w-w; =0

If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Example (6)

W 2:(3,4)
ol o|lo|o |0 ]| o] . 3: (4,5)
1 | o] o =1 4: (5,6)
2 | 0\ 3 b;=3
3 | 0|3 Wi=2
4 | 0 =3
5 0 w-w;=1

If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Example (7)

W 2:(3,4)
0o | 0|0 |0 |0 | O 3: (4,5)
1 [ 0] o0 = 4: (5,6)
2 | 0y 3 b;=3
3 | 0\ 3 W;=2
4 | o |'3 w=4
5 0 W-W,=2

If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Example (8)

W 2:(3,4)
o oo o ]| o] o 3: (4,5)
1 [ 0] o0 =1 4: (5,6)
2 | 0| 3 b;=3
3 | 0y 3 W;=2
4 [0\ 3 =3
5 [ 0 |3 W-W;=2

If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Example (9)

o |l oo |0 |0 o 3: (4,5)
1 | o] 0o = 4: (5,6)
2 | 0| 3 0;=4

3 | 0| 3 Wi=3

4 | o] 3 =1

5 0 3 W-W,=-2

If w, <=w //item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w; >w
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Example (10)

0o lo |0 | 0|0 | O 3: (4,5)
1 o] o | o = 4: (5,6)
2 | 0| 3—3 b;=4

3 | 0| 3 Wi=3

4 | 0| 3 =2

5 | 0| 3 W-w;=-1

If w, <=w //item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w; >w
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o |o|o0o |0 |0 ]| 0|
1 | o] o\ O =
2 | 0] 3 \3 b=4
3 | 0| 3 |4 Wi=3
4 | 0| 3 =3
5 0 3 w-w;=0
If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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0 0 0 0 0 0
1 | o] o | o =
2 | 0| 3\ 3 b=4
3 /0|3 \4 W;=3
2 | o] 3 [Y4 w=4
5 0 | 3 w-w;=1
If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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0 0 0 0 0 0
1 | o] o0 | o0 =
2 | 0| 3 | 3 b=4
3 | 0| 3\ 4 W;=3
4 | o] 3 \4 =
5 | 0| 3 |7 W-W;=2
If w, <=w // item i can be part of the solution
If b; + B[i-1,w-w;] > B[i-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Example (14)

o |l oo |0 |0 o 3: (4,5)
1 o] o | 0o = 4: (5,6)
2 | 0] 3 | 3—3 0;=5

3 | 0| 3 | 4=—4 W;=4

4 0 3 4 w=1..3

5 | 0| 3 | 7

If w, <=w //item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w; >w
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o |00 |0 | 0] O
1 [ o] o | o\| o =
2 0 3 3 3 0;=5
3 0|3 | 4 \a Wi=4
4 | o] 3|45 W=4
5 | 0| 3 | 7 W- w;=0
If w, <=w // item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
B[i,w] = b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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0 0 0 0 0 0
1 o] o | o] o =
2 0 3 3 3 bi_5
3 10| 3 | 4 | 4 Wi=4
4 [ o] 3] a]s =2
5 | 0] 3 | 7 b7 W- ;=1
If w, <=w // item i can be part of the solution
If b; + B[i-1,w-w;] > B[i-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Example (16)

W ] 2: (3,4)
0| 0] 0|0 |0 | O 3: (4,5)
1 olo o | o—+o | 4: (5,6)
2 0 3 3 33— 3 0;=5
3 | 0] 3 | 4 | aba | WH
4 | o] 3|4 |55 | Wl4
5 0 3 / /
If w, <=w //item i can be part of the solution
if b, + B[i-1,w-w;] > BJi-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
B[i,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w; >w
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Example (17)

2:(3,4)
3. (4,5)
4. (5,6)

W
0 0 0 0 0 0
1 0 0 0 0 0
2 0 3 3 3 3
3 0| 3 | 4 | 4 4
4 0 3 4 3) 3)
5 0 3 I [ = 7
If w, <=w // item i can be part of the solution
If b; + B[i-1,w-w;] > B[i-1,w]
Bli,w] =b; + B[i-1,w- w;]
else
Bli,w] = B[i-1,w]
else B[i,w] = B[i-1,w] // w;>w
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Comments

This algorithm only finds the max possible value
that can be carried in the knapsack.

Question: what is the running time of the
previous algorithm?

Question: what is the minimum space needed
by the previous algorithm?

Question: extend it to find the optimal solution.
Question: what are the running time and space
requirements of the optimization version?€ 07\
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Notes about DP for the knapsack

The time and space used depend on the capacity W of
the knapsack. This number can be arbitrarily large!

For any W given a priori the algorithm is polynomial.
This is an example of a pseudo polynomial algorithm.

The knapsack problem is NPC!

17-02-2020 Combinatorial Optimization 68 VU k



Polynomial-Time Approximation Schemes

A problem L has a fully polynomial-time approximation
scheme (FPTAS) if it has a polynomial-time (in n and 1/¢)
(1-€)-approximation algorithm, for any fixed € >0.

Remember that knapsack is a maximization problem

0/1 Knapsack has a FPTAS, with a running time that is O(n3 / ).

We show this with an example.

Note: this is 9.2.4 in Dasgupta.

Note: next week formal definition of approximation.
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Knapsack Problem: other version of

Dynamic

Programming

Define OPT(i, p) = min weight subset of items 1, ..., i that

vields value exactly p.
= Case 1: OPT does not select item i.
> OPT selects best of 1, ..., i-1 that achieves exactly value p

= Case 2: OPT selects item i.
> consumes weight w,, new value needed = p — p,
> OPT selects best of 1, ..., i-1 that achieves exactly value p—p,

OPT(i,p) =+

0 if p=0
00 If 1=0,p>0
OPT(1—-1,p) If p.>p

17-02-2020

| min{OPT (i —1,p),w,+OPT (i—1,p—p;)} otherwise
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Knapsack: FPTAS

0 if p=0
if 1I=0,p>0
OPT(i.p)=1" Ti=5p
OPT(i—-1,p) if p>p
| min{OPT (i —1,p)w+OPT (i-Lp—p;)} otherwise

.
= Porv=0
IEEERSEEHEEEABEEE E R

4
. 0 X X X X X X X X X X X X X X X n
i o 5 | 6 | 7

Blo W= 11
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Knapsack: FPTAS

0 if p=0
if i=0,p>0
OPT(i,p) =1 U U=t
OPT(i—-1,p) if p>p
| min{OPT (i —1,p)w+OPT (i-Lp—p;)} otherwise

---

w=11
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Knapsack: FPTAS

0 if p=0
" if i=0,p>0

OPT(i-1,p) if p>p

| min{OPT (i —1,p)w+OPT (i-Lp—p;)} otherwise

.
I = V=
T ---

w=11
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Knapsack: FPTAS

0 if p=0
if i=0,p>0
OPT(i,p) =1 U U=t
OPT(i—-1,p) if p>p
| min{OPT (i —1,p)w+OPT (i-Lp—p;)} otherwise

=3 vE- BN RN

BEEEERERERERARERE S
4
.Oxxxxxxx X X X X X X

3 |3 | 5
;| ¢ | 4| 6
5 6 7

_ =
w w X
o1 X X
o™ X X
o X X
X X X
X X X
X X X X
X X X
X X X
X X X
X X X
X X X
X X X
X X X

w=11

0
0
0
0
0
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Knapsack: FPTAS

0 if p=0
if 1I=0,p>0
OPT(i.p)=1" Ti=5p
OPT(i—-1,p) if p>p
| min{OPT (i —1,p)w+OPT (i-Lp—p;)} otherwise

AV BN RN

BEEEEREREEERARERE S
4
.O X X X X X X X X X X X X X

x x n
O 1 x x x x X X X X X X X X X n
O 1 3 x x X X X X X X X X X X X
O1 3568 x x x x X X X X X X W= 11
01 356 7 9 U 214 x x x x x X
0]
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Knapsack: FPTAS

0 if p=0
if 1I=0,p>0
OPT(i.p)=1" Ti=5p
OPT(i—-1,p) if p>p
| min{OPT (i —1,p)w+OPT (i-Lp—p;)} otherwise

.
=2 s ---
4 7 |
BENEENEEH. SBRABR
. 0] X X X X X X X X X X X X X

x x n
O 1 x x x x X X X X X X X X X n
O 1 3 x x X X X X X X X X X X X
O1 3568 x x x x X X X X X X W= 11
01 356 7 9 U 214 x x x x x X
0] 3 5 6 7 7

10 12 13 14 16 18 19 21
1 8 S={1, 2,5
17-02-2020 Combinatorial Optimization 76 k




Knapsack: FPTAS Tracing Solution

oV BN RN

BEEEERERE - ERARERE S
. 0] X X X X

X X X X X X X X X X X n
I x X X X X X X X X X X X X X n
1 3 x x X X X X X X X X X X X

1 356 8 x x x x x x x x X X W= 11

1 356 7 9 1 1214 x x x x x X

1 3 56 7 7

10 12 13 14 16 18 19 21
= 8 S={1, 2,.5
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Knapsack: FPTAS

Intuition for approximation algorithm.

= Round all values to lie in smaller range.

= Run dynamic programming algorithm Il on rounded instance.
= Return optimal items in rounded instance.

Wi

NET
5[ 27343195

orugmal instance rounded instance after dividing by 5,000,000

$={1,2,5}
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Comparison between DP and

Divide-and-Conquer

The solution to the problems is constructed from the
solutions to the subproblems.

Divide-and-conquer: merge sort

Any division of the problem into subproblems leads to the same

solution

Disjoint subproblems

Top-down computation

Dynamic programming: matrix-chain multiplication

= Different divisions of the problem leads to different solutions.
Among them one of them may lead optimal solution.

= QOverlapping subproblems

= Bottom-up computation
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Three faces of Dynamic Programming

Dynamic programming comes in at least three flavors
The differences are in number of operations and
memory usage

In other words: the difference are in memory and time
complexity
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Type one:

MIiNIMuM spanning

- fil{vi}) = 0
\ fen (su{argmm[d(sjj)]}) £i(S) + d(S, )

JES
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minimum spanning tree
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minimum spanning tree
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minimum spanning tree
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minimum spanning tree

17-02-2020 Combinatorial Optimization 85 VU k



minimum spanning tree
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minimum spanning tree
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minimum spanning tree

f(1}) 0
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minimum spanning tree

f{1y) = 0
f({172}) = 2



minimum spanning tree

f{1y) = 0
f({172}) = 2
f({1,2,55) D



minimum spanning tree

f(ily) = 0
f({172}) = 2
f({1,2,5}) = 5
f({1,2,5,4}) = 9



minimum spanning tree

f{1}) = 0

f{1,2}) = 2

f({1,2,5}) = 5

f({1,2,5,4}) = 9
f(11,2,5,4,31=V) = [



Type two:

all pairs shortest path

f{](]?k) — dj
| LG k) = Igléig{fi—1(j;k);fi—1(j;€)+fa'—1(€:k)}

17-02-2020 Combinatorial Optimization 94 VU k



-
4
qu
@N
4
Vg
Q
4
S
O
-
Vg
Vg
—
qu
@N
(©

VU¥



-
4
qu
@N
4
Vg
Q
4
S
O
-
Vg
Vg
—
qu
@N
(©

VU¥



-
4
qu
@N
4
Vg
Q
4
S
O
-
Vg
Vg
—
qu
@N
(©

1O ™ b~
I~| O —
O 10 O
AN O O

O AN O

< O
O <
— D=
O

7_5_

VU¥



-
4
qu
@N
4
Vg
Q
4
S
O
-
Vg
Vg
—
qu
@N
(©

0 2 6 7 5
2 0 95 6 3

ol <t O
— O <t
S — 10|
10 © o

675_

VU¥



-
4
qu
@N
4
Vg
Q
4
S
O
-
Vg
Vg
—
qu
@N
(©

0 2 6 7 9
2 0 95 6 3
6 o 0 1 o

¢ 6 1 0 4
b 3 5 4 0

VU¥



Q
@)
(O
o
V)
Q

4
(O

)
0p)

RS

P

/N

| T )

g 8

O 0

™ O

o ™

£
oo NI~ O
88—
oW o~ -
NoO W ¥
oM ¥ oo

I

oS

0 M w O
-~ - O =
O D O 0
N O D O o
B a B e b T
|
oy
0 M M) F O
M~ - O =f
O w0 O~ D
o™ O 10 O M
o N O = a0
|
ﬁH.n-,.._u
D oM - = O
~ 0 - O =
Nl InBlen it B N
NSO M
O N O D~
|
[,

VU¥

100

Combinatorial Optimization

17-02-2020



Type three:

Traveling Salesman Problem

(ca(1,{k}, k) = cu
< Ci(].,S.J, k) = min [Ci—l(las\{k}:m) _I_ka]
\ meS\{k}
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Traveling Salesman Problem

c2(1,{2,3},3) = min{c1(1,{2},2) + co3} =cro+ a3 =2+5=7
c2(1,{2,3},2) = min{c1(1,{3},3) + 32} =c13 +c32 =6+ 5= 11
c2(1,{2,4},4) = min{c1(1,{2},2) +cou} =c12o+cay =2+6 =38
c2(1,{2,4},2) = min{ey(1,{4},4) + ca2} = c1a + 1o =7+6 =13
c2(1,{2,5},5) = min{c1(1,{2},2) + co5} =c1o+co5 =2+3=5
c2(1,{2,5},2) = min{e1 (1, {5},5) + cs2} = c15 + 52 =5+ 3 =8
c2(1,{3,4},4) = min{c1(1,{3},3) +esu} =c13+c3a =6 +1=7
co(1,{3,4},3) = min{ci(1,{4},4) + ca3} =cia+ a3 =T7T+1=38
c2(1,{3,5},5) = min{e1 (1, {3},3) + cas} =ci3+ ¢35 =6+5=11
c2(1,{3,5},3) =min{c1(1,{5},5) + cs3} =c15 +¢c53 =5+ 5= 10
c2(1,{4,5},5) = min{c1(1,{4},4) + cas} =cru+cis =7+4 =11
c2(1,{4,5},4) = min{c;(1,{5},5) + ecsa} =c15 +cs5a =5+4=9
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Traveling Salesman Problem

c3(l, {2,3,4},4) = min{eco(1, {2,3},3) + ca4;c2(1,{2,3}.2) +coq4} = min{7+ 1;11 4+ 6} = 8
e3(l, {2,3,4},3) = min{ecg(1, {2,4},4) + c43:1c20(1,{2,4},2) + co3} = min{8 + 1;13 4+ 5} =9
c3(1,{2,3,4},2) = min{co(1,{3,4},4) + cq2;c2(1,{3,4},3) +c32} = min{7+6:8+ 5} =13
c3(1,{2,3,5},5) = min{ea(1,{2,3},3) 4+ ez5;¢c0(1,{2,3},2) 4 co5} = min{7 4+ 5;11 4 3} = 12
cg(1,{2,3,5},3) = min{cg (1, {2,5},5) + c53;c2(1,{2,5},2) + co3} = min{5 + 5;8 + 5} = 10
c3(1, {2,3,5},2) = min{cg(1, {3,5},5) + e5p; (1, {3,5},3) + c32} = min{11 + 3;10 + 5} = 14
c3(1,{2,4,5},5) = min{co(1, {2,4},4) 4+ c45:co(1,{2,4},2) 4+ co5} = min{8 4+ 4;13 4 3} = 12
c3(1l,{2,4,5},4) = min{co(1,{2,5},5) + c54:c2(1,{2,5},2) 4+ co4} = min{5 +4;8+4+ 6} =9
c3(1, {2,4,5},2) = min{cg(1, {4,5},5) + c50; ca(l,{4,5},4) + c4yo} = min{1l + 3;9 + 6} = 14
c3(1, {3,4,5},5) = min{eo(1, {3,4},4) + c45:c2(1,{3,4},3) + c35} = min{7 + 4,8 + 5} =11
e3(l, {3,4,5},4) = min{co(1, {3,5},5) 4+ ec54ic2(1,{3,5},3) 4+ c34} = min{ll +4;104+ 1} =11
c3(1,{3,4,5},3) = min{co(1, {4,5},5) 4+ c53:co(1,{4,5},4) 4+ c43} = min{11 4+ 5;94 1} = 10
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Traveling Salesman Problem

eq(1,{2,3.4,5},5) = min{eg(1,{2,3,4},4) + cq5:c3(1,{2,3,4},3) + cg5:c3(1,{2,3,4},2) + eor}
= min{8 +4;9+ 5;13 4+ 3} = 12

cq(1,{2,3,4,5},4) = min{cg(1,{2,3,5},5) + ¢54:¢3(1,{2,3,5},3) + c34:¢3(1,{2,3,5},2) +caq}
— min{12 + 4;10 + 1:14 4+ 6} = 11

min{cg(l, {2,4,5},5) + ¢c53:¢c3(1,{2,4,5},4) + cq3:c3(1,{2,4,5},2) + cog3}

min{l2+4+5;9+41;144 5} = 10

min{eg(1, {3,4,5},5) + ec50;¢c3(1,{3,4,5},4) + c420:¢c3(1,{3,4,5},3) + c39}

=min{ll 4+ 3;11 4+ 6;104+ 5} = 15

cq(1,{2,3,4,5},3)

cq(1,{2,3,4,5},2)
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Traveling Salesman Problem

cs(1,{1,2,3,4,5},1) = min{ca(1,{2,3,4,5},5) + c51;ca(1,{2,3,4,5},4) + ca1;
64(1? {2? 3:41 5}? 3) + C31, ‘34(11 {21 3:- 41 5}: 2) + 021}
— min{12 + 5;11 + 7,10 + 6; 14 + 2} = 16
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Traveling Salesman Problem

177622620

{2y L3y | [ {4} | [ {5} |
Lz2lz2] [3]e6e] [4f7] [5]5]

(s ] (o] (5] [([ma] [(Ger ] (& ]
2 11 2 13 2 B 3 8 3 10 4 9
3 7 -4 8 5 5 4 T 5 11 5 11

L {234} | ({2,385} | [ {2.4,5} | [ {3,4,5} |
2 13 2 14 2 14 3 10
3 | 9 3 | 10 i 9o 2 | 11
4 B 5 12 5 12 5 11

[ {2.3,4,5} |
2 14
3 [ 10
4 11
] 12

[ {1,2,3,4,5} |

Lt [ 16 |
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The curse of dimensionality

znj k(k—1) ( Z’ ) = O(n?2")
k=0

Space and time required
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Complexity considerations

TSP is NP-hard

Brute force: O(n!)

Lowest known: O(n?2")

Branch & Bound: O(2"%)

n22n << nl <<< 2" foralln>7
B&B is the most used framework!
Why?

May you have become interested on DP for NPC
problems, consider reading
https://research.vu.nl/ws/portalfiles/portal /42163578
NOTE: this suggestion is extra! Not exam material.
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