Resit Calculus 2, 7 February 2019, Solutions

1. a)

o0 .
First consider ngl \S/p(r% . Since |sin (n)| < 1 we have
sin (n) 1 < 1
VIitn3| = V1+n3  nd?
and since Z — —i75 converges (p-series with p = 3/2 > 1), the series nzl \S}%
converges absolutely (comparison test).
First consider
> arctan arctan
D |V Z
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We will use the limit comparison test:
arctan (n) = 1 T
m ——+ — = —.
n—00 vn N
And because Z — diverges (p-series with p = 1/2 < 1), the series Z arCthl n)

n=1

)n arctan (n)

diverges also. This means that Z (—1 Tn is not absolutely convergent.

n=1

Now use the alternating series test:

(1) The series is clearly alternating,
arctan (n)

(2) The sequence {T} is decreasing (introduce f(x) = %\/E(w) then

)

/ 2z—(1+x2) arctan (z) 0 for 1 is ultimatelv d d
fl(z) = QII(HIQ) < 0 for large z, so f is ultimately decreasing), an
)

(3) The sequence {%\/%(")} has limit 0.

So the series Z (—1rarctan(n) i convergent.

v

Finally we can conclude that the series is conditionally convergent.

2. We use the ratio test:

| angs (2z — 5)2( D | (22 — 5)2"
lim = -
n—oo | G, n—00 (n + 1)4 gn+1 nign
|22 — 52 n* y2x—5|2
9 n—oo (N + 1) 9

So the series converges absolutely for |2z — 5| < 9, that is for 1 < z < 4, and
diverges for |2z — 5[2 > 9.

Now determine the behavior in the endpoints: For both £ = 1 and x = 4 we find
the p-series > o7 | —4 which is convergent. So the interval of convergence is [1,4].

3. a)

Use the Maclaurin-series representation for the exponential function:

n

t .
el = Z ot which converges for all t € R.



This yields (substitute ¢t = 22 and ¢t = —2?)

n 2n 2n
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Now 1 — (—1)" =0 for even n, and 1 — (—1)" = 2 for odd n. This results in

1 12(2n+1) > pint2
J@) =32 0= 0" Gy = X Gy
n=0 ’ n=0 ’
Since the Maclaurin-series converges for all x € R we may use term-by-term
differentiation. This yields
dx 2n +D = (2n+ 1) — (2n)! '

On the other hand f/(z) = 1 (21,‘6332 + 2xe_“32> = 2(e”” +e~*"). Now substitute

x =1 in both expressions, and divide by 2, to obtain

i 1 e4elt
;= .
n:0(2n). 2
2
uev=0+0—-2=-2anduxv=| —6 | =2i—6j+ 6k.
6
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The equation is:

3(x—1)+0(y —2) —1(2 — 3) =0, or equivalently 3z — z = 0.

Calculate both first partial derivatives and set them equal to 0:
felz,y) =0 =62 -30+6y =0=y =5 — 2°.

fy(l"vy):0:>6x+6y+6:0:>y:_1_$‘

It follows that 5—2% = —1—x, s0 2> —2—6 = (z—3)(x+2) = 0, with solutions
x = 3 and x = —2. Therefore we find two critical points: S; = (3,—4) and
Sy =(—2,1).

For general (z,y) we find fi.(z,y) = 12z, fyy(z,y) = 6 and foy(z,y) = 6 =
fyx(fzay)‘ So we find fx:c(xvy)fyy(xvy) - fxy(l'ay)fya:(li)y) = 36(2z — 1). This
implies that Sy is a saddle point (frzfyy — feyfyz < 0) and that f has a local
minimum value in S1 (foz fyy — fayfye > 0 and frp > 0).



¢) The unit vector v in the same direction as u is given by

_u _1/3 (f2(1,2) [ —12
V—HuH—5<_4>.Furthermore Vf(l,2)= <fy(172)> = < 94 )

So Dy(1,2) =veVf(1,2) =12

6. a) Make a sketch of the domain. Then you can easily verify that

1,1 1 opy? )
/ / 1n(1+y3)dyd:c:/ / In (1+y?®)drdy
0 Jyz 0o Jo

1 rey? 1
= [ o] ay= [Pm i) ay
0 z=0 0

2 _
» (71 (2) 1 ]l _
_/1 S () de = B[tm(t) t]t:1_ 5(21n(2) —1).

At (%) we used the substitution t = 1 + y> and at () we used integration by
parts.

b) Again sketch the domain. It is that part of the disk around (0,0) with radius
V5, under the line y = 0. Using x = 7 cos (6),y = rsin () we get

\/5 27
// eV JA = / / re"" df dr =
S 0 T

V5 2 1 _,1V5 7 _5
:7'('/0 re dr:ﬂ[—ie }0 25(1—6 )

7. Suppose w = 2+ 2i and z = /3 +i. Then |w| = V8 =2V2 , arg(w) = I, |z| = 2
and arg (z) = §. Then

3 3
L M — M _ \/§
z4 | 2|4 16
and 5
w 1
arg <24> =3arg (w) —4arg(z) = T
Therefore

m =2 (cos (1127r) + isin (1127r>> ,

s0 a = V2cos () en b = v/2sin (7). [This may also be written as a = 1 + 2/3
and b = —% + % 3, which would be the result of a slightly different calculation.
Both answers are correct.|

8. This is a linear differential equation of order one. First divide both sides by 2? to

get
1 1

y'(x) — Y@ =~



Now remark that an integrating factor is e —azde _ ex. This yields
% (y(a:)e%) = %e% = y(x)e% = / %e% dr = —ex + C.
[You can use the substitution ¢ = 1 if necessary.] So the general solution is
y(z) = -1+ Ce™s,C € R.
Substitution of the initial value gives
2=y(l)=—-14+Ce™!, so C=3e

The solution of the initial value problem is therefore y(z) = —1 + 3¢l z.

[This problem can also be solved using separation of the variables!]



