First test Calculus 2, 19 November 2018, Solutions

1.

2.

First remark that cos (nm) = (—1)" for all n € N and that the denominator is always
positive. Therefore the sequence is alternating. Furthermore:

1 (—1)" 1
Vil Vn+1 = Vn+1

So with the squeeze law we find lim )"
n—oo Vntl
convergent (with limit 0). As a consequence the sequence is bounded (for example

bounded above by its maximum % and bounded below by its minimum —--).

V2

= 0, which implies that the sequence is

a) [2 points] Use the ratio test and the fact that (n+1)! = (n+ 1)n! to find that

lim |yt P LEAT et _
n—oon + 1 4n—|—1

n—00 (n+1)!

=0-4=0,

since “4™ wins from n” (or use I’'Hospital). So the series is absolutely convergent.

b) [4 points] First consider %
n=2

=2, 111/(%1)‘ Since I\H/% > % for all
n=2 n

n > 3 and since Z — diverges (p-series with p = %) the series Z w also

diverges (comparison test). So Z % is not absolutely convergent.

- S~ (=1)"In(n)
Now apply the alternating series test to %:
n=2

(i) the series is clearly alternating,

(ii) the sequence {%} is ultimately decreasing (since f(x) = % implies

fl(z) = 2@ 0 for x> €2, so f is ultimately decreasing),

2z\/x
(iii) the sequence {1\})} has limit 0 (“y/n wins from In (n)” or use ’'Hospital).
So the series Z %(n) is convergent.

n=2 "

Finally we can conclude that the series is conditionally convergent.

a) We use the ratio test:

(2z+3)" | (20 4+3)"

_ 22+ 3] lim (n—1) |2z 43
(n+ 1)ndntl * n(n —1)47 '

li =
o 4  nooo(n+1) 4

n—oo

So the series converges absolutely for |2z + 3] < 4, that is for —& < T < 2, and
diverges for |2z + 3| > 4, which is for z < —% or for z > 3.
Now determine separately the behavior in the endpoints: First substitute z =

N[ —

oo
to find ) m which is an absolutely convergent series (use for example
=1

o0
the limit comparison test and compare with the convergent p-series »_ #)
n=1

Then substitute x = —4% to get Z a0 ):) And this series is also absolutely

convergent (compare with the prev10us series). So the interval of convergence

Is [_%7 %]



) On (=%, %) we may differentiate termwise twice, to obtain

00 T n—1 0 T n—2
Fla) = Y B = ) = Y A
n=2 n=2

Therefore (geometric series!):

oo o0 oo
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POy IS e - () -
4 4 4 1—=2
n=2 n=2 n=0 4
4. We use the geometric series
1 o0
T 1= Zt”, converging for all |t| < 1.
n=0
Then
2 2 1 27 o= [ 22\" = 2(-1)"
TRk e Tk PV G D IEDIE
- (_?) n=0 n=0
which converges for | — %2| <1, so for all |z| < /3
i j k -7
-3 1|=-Ti-3j+5k=| -3
5

5. a) uev=2-3+2=1landuxv=|2
1 1 2

b) The required vectors should be parallel to u x v, and have length 1
= /49 + 9 + 25 = /83 we find the two vectors
1 :; T3 "

v 83 \/ 83

Since |u x v|
J+

8-
w

and .
7 3 . 5 K.

1
-——= | 3| = i+
V83 \ & V383 vV 83J V83
uev 1 1/6 1, 1, 1
c) Uy = 1/6 :61+63+§k.
1/3

6. A normal vector of the plane is perpendicular to all vectors in that plane. Two of

these vectors are:
1 2 -1 1 -1 2
0O)—-|2]=|-2])]=-i—-2j and 0| — 1 = -1]=2i—j+k.
3 3 0 3 2 1
So a normal vector is given by:
-1 2 —2
21 x| -1]= 1 = —2i+j+ 5k.
0 1 9

So an equation of the plane is —2(x — 1) + 1(y — 0) + 5(z — 3) = 0, or equivalently

—2x +y+52 =13,



7.

xyt 222y

V12 + 2294 V12 4 224
b) (i) First remark that f(2,1) = 4. Furthermore: f,(2,1) = % and f,(2,1) = 2.
So an equation of the tangent plane is z = 4+%(m—2)+2(y—1) = 1+%x—|—2y.

3

a) The partial derivatives are f,(z,y) = and fy(z,y) =

(ii) The normal line to the graph of f in (z,y,z) = (2, 1,4) has direction vector
v=f(2,D)i+ fy(2,1)j—k=1i+2j—k,

so in vector parametric notation the equation of the normal line is

x 2 1/2
r=ro+itv= |y |=|1]+¢ 2 ,t € R.
z 4 -1

In scalar parametric notation this is

x:2+%t
y=1+2t ,teR.
z=4—1

And in standard form this is

r—2 y—1 z-4

/2 2 -1




