Resit Calculus 2, 5 April 2018, Solutions

1.
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a) (3 points) First consider nzzjl rarctan (| = Z:: Frarctan (m) - Since nl;rrgo arctan (n) =
5 we can compare the general term with --. This yields lim m : % = %
n—oo
o0
and since ). 1 diverges (p-series with p = 1), the series Z Wan(n) also

n=1

diverges (limit comparison test). So Z (1"

2 arctan () is not absolutely convergent.

Now use the alternating series test: (1) the series is alternating, (2) the se-

quence § —2 1 is decreasing (since n and arctan (n) are both increasing)
narctan (n) ’

and (3) the sequence { } has limit 0. So the series Z 1"
n=

narctan (n) n arctan (n)

convergent. Finally we can conclude that the series is Conditionally convergent.

b) (1 point) Since li_>m 1+ # = 1 it is clear that the general term of this series
n—oo

does not converge to 0. Therefore the series is divergent (general term test).

2. We use the ratio test:

2(n+1) 2n
hm 124 - (z+3) L @+3)
n—oo | n—00 (n + 1)24n+1 n24n
|z + 32 . n? |z + 3|2
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4 n-oo(n+41)2 4

So the series converges absolutely for |z 4+ 3|2 < 4, that is for =5 < x < —1, and
diverges for | + 3| > 4. Now determine the behavior in the endpoints: For both
z = —5 and z = —1 we find the p-series > 7, # which is convergent. So the interval
of convergence is [—5, —1].

o0
a) Use the geometric series = Zt”, which converges for all t € (—1,1).

This yields (substitute ¢t = —z4)

(e 9]

2 1 o N n, 4n+1

converging for | — z*| < 1, so for |z| < 1.

b) See part a). So the representation is valid for all =z € (—1,1).

¢) Remark that L arctan (z?) = 5 +x4, which is exactly the function considered in
part a). So we can find the Maclaurin series-representation for arctan (z2) by
termwise integration of the representation given in part a). So on (—1,1) we

have

arctan (z?) = / )t dg = Z 2(— / Antl gy
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4.

a) A normal vector of the plane is perpendicular to all vectors in that plane. Two

of these vectors are:

1 0 1 1 -2 3
-1]1-12]=1-3 and -1] - 0 =1 -1
1 3 —2 1 -1 2

So a normal vector is given by:

1 3 -8
3| x| -1]=1]-8
-2 2 8

So an equation of the plane is —8(z—1) —8(y+1)+8(z—1) = 0, or equivalently
r+y—2+1=0.

b) The distance from the point (2,2,1) to this plane is:

2142 14+1-(-)— (-] 4 4
VIZF12 4+ (—1)2 V3 3\/5'

5. Use the chain rule:

6.

and

a)

0
%f(:cey, ezyz) = e fi(ze?, exy2) + enyfg(:cey, ezyz)

0
afyf (ze¥, e™y?) = weV f1(ze¥, e"y?) + 2%y fo(xe?, ™y?).

Calculate both first partial derivatives and set them equal to 0:
fo(z,y) =0= 62— 1846y =0= 2 =3 —y.

fy(x,y) = 0= 62 — 6y + 12y + 18 = 0.

Substitution of = 3 — y in the second equation gives 2 —y — 6 = 0 with
solutions y = 3 or y = —2. Therefore we find two critical points: S; = (0, 3)
and Sy = (5, —2).

For general (z,y) we find fo.(x,y) =6, fyy(z,y) = =12y + 12 and foy(z,y) =

6 = fye(z,y). So we find fou(z,y) fyy(x,y) — fay(x,y) fye(z,y) = 36(1 — 2y).
This implies that S is a saddle point (fzzfyy — foyfye < 0) and that f has a
local minimum value in Sy (fzzfyy — foyfyz > 0 and fzz > 0).

The unit vector v in the same direction as u is given by

_u _1(-3 _(f(12) [0
V_Hu”_5< 4 >.Furtherm0rer(1,2)—<fy(1’2)>—<24>.

So Dy(1,2) =veVf(1,2) =2,



7. a) Make a sketch of the domain. Then you can easily verify that

/ / y? cos ( dy dr = / / y? cos ( dac dy

:/0 y cos(yQ)[x]x ydy_/o y? cos (?JZ) dy

=0
t=m

® ("1 SR _
—/0 2tcos(t)dt = 2[ts.ln(lt)—i—cos(t)L:O =—1.

At (x) we used the substitution ¢ = y? and at (+*) we used integration by parts.

b) Again sketch the domain. It is that part of the disk around (0, 0) with radius v/3,
above the line y = z and right from the y-axis. Using x = rcos (0),y = rsin (0)
we get,

1
———dfdr =
//S \/1+x2+y / / 1+7“2
V3 V3
:W/‘T¢h:[wdl+ﬂ} = Te-1n=".
0 0 4 4

8. First calculate e™/3 = cos (/3) + isin (7/3) = 3 + iv/3. Use this and multiply
numerator and denominator by 2 and multiply the result by the complex conjugate
of the denominator. This yields

1 1 22 1+iyV/3

1=~ T3 1-i3 1-iv3 1+iv3
20 +4v3) 1 L. /3

1+3 3213

Soa:%enb:%\/g.

9. This is a linear differential equation of order one. First divide both sides by z? to
get

1
V(@) + @) = 5.
Now remark that an integrating factor is e = ¢~ . This yields
d 1 1
e (y(x)e_%> = pe_% - y(x)e_% = pe_% dr = e = +C
[You can use the substitution t = —% if necessary.] So the general solution is

y(r) =1 +Ce%,C eR.
Substitution of the initial value gives
2=y(1)=1+Ce, so C=e "

The solution of the initial value problem is therefore y(x) =1+ el
[This problem can also be solved using separation of the variables!]



