
Second test Calculus 2, 22 December 2016, Solutions

1. a) Since fx(x, y) = y3 cos (xy) and fy(x, y) = 2y sin (xy)+xy2 cos (xy) the gradient
at (π, 1) is

∇f(π, 1) = fx(π, 1)i + fy(π, 1)j = −i− πj =

(
−1
−π

)
.

b) The unit vector v in the same direction as u is given by

v =
u

‖u‖
=

(
2/
√

5
1/
√

5

)
=

2√
5
i +

1√
5
j.

So, since f is clearly differentiable at (π, 1), we find

Dv(π, 1) = v • ∇f(π, 1) = − 2√
5
− π√

5
= −2 + π√

5
.

2. a) Calculate both first partial derivatives and set them equal to 0:

fx(x, y) = 0 =⇒ 3x2 − 3y − 9 = 0 =⇒ y = x2 − 3.

fy(x, y) = 0 =⇒ −3x+ 6y = 0⇐⇒ x = 2y.

Substitution of x = 2y in the first equation gives 4y2−y−3 = (4y+3)(y−1) = 0.
So we find two critical points: S1 = (2, 1) and S2 = (−3

2 ,−
3
4).

b) For general (x, y) we find

fxx(x, y) = 6x, fyy(x, y) = 6 and fxy(x, y) = −3 = fyx(x, y).

So the determinant of the Hesse matrix is

fxx(x, y)fyy(x, y)− fxy(x, y)fyx(x, y) = 36x− 9.

This implies that S2 is a saddle point (fxxfyy − fxyfyx = −63 < 0) and that f
has a local minimum value in S1 (fxxfyy − fxyfyx = 63 > 0 and fxx = 12 > 0).

3. Introduce a function L(x, y, λ) = 5x−3y+λ(x2+y2−34) and find its critical points:
0 = ∂L

∂x = 5 + 2λx (A)

0 = ∂L
∂y = −3 + 2λy (B)

0 = ∂L
∂λ = x2 + y2 − 34 (C)

Since clearly λ 6= 0 equations (A) and (B) can be rewritten as

x = − 5

2λ
and y =

3

2λ
.

Substitution of these values in equation (C) gives

25

4λ2
+

9

4λ2
= 34, so λ = ±1

2
,

which results in two critical points: S1 = (x, y, λ) = (5,−3,−1
2) and S2 = (x, y, λ) =

(−5, 3, 12). In S1 the function has its maximum value f(5,−3) = 34 and in S2 the
function has its minimum value f(−5, 3) = −34.
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4. a) Make a sketch of the domain. Since we cannot antidifferentiate
√
xex with

respect to x the inner integral should be over y. We find (use partial integration
in the second integral):∫ ∫

R

√
x ex dA =

∫ 4

0

∫ √x
−
√
x

√
xex dy dx =

∫ 4

0

√
xex
[
y
]y=√x
y=−

√
x
dx

=

∫ 4

0
2xex dx =

[
2xex − 2ex

]x=4

x=0
= 6e4 + 2.

b) Again sketch the domain. S is the part of the disc around (0, 0) with radius 2,
in the first quadrant and above the line y = x. Using x = r cos (θ), y = r sin (θ)
we get ∫ ∫

S

1

1 + x2 + y2
dA =

∫ π/2

π/4

∫ 2

0

r

1 + r2
dr dθ =

=

∫ π/2

π/4

[1

2
ln (1 + r2)

]r=2

r=0
=

1

2
ln 5
[
θ
]θ=π/2
θ=π/4

=
π

8
ln 5.

5. a) |w| =
√

1 + 3 = 2 and arg (w) = −1
3π.

b) Assume z = reiφ, with r > 0. Then the equation is

z3 = r3e3iφ = 8i = 8eiπ/2 = 8eiπ/2+2kiπ, with k ∈ Z.

This implies that r = 2 and φ = π
6 + 2kπ

3 , k ∈ Z. So the solutions are (choose
k = 0, 1, 2):

z1 = 2eiπ/6 =
√

3 + i, z2 = 2e5iπ/6 = −
√

3 + i and z3 = 2e3iπ/2 = −2i.

[An equivalent method is solving |z3| = |8i| and arg (z3) = arg (8i) + 2kπ
separately.]

6. First multiply the left hand side and right hand side of the equation with r. Then
substitute x = r cos θ en y = r sin θ (so we have x2 + y2 = r2). This gives:

r2 = 2r cos θ ⇐⇒ x2 + y2 = 2x⇐⇒ (x− 1)2 + y2 = 1.

So the resulting curve is a circle with center (1, 0) and radius 1.

7. This is a first order linear differential equation which can be solved by using an
integrating factor. First divide the equation by

√
x and conclude that the integrating

factor is e−2
√
x. This gives

d

dx

(
y(x)e−2

√
x
)

=
e−
√
x

√
x

=⇒ y(x)e−2
√
x =

∫
e−
√
x

√
x
dx = −2e−

√
x + C.

[The last integral can be calculated using the substitution t =
√
x.] So the general

solution becomes
y(x) = −2e

√
x + Ce2

√
x, C ∈ R.
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8. Substitute y(x) = erx. Then the auxiliary equation becomes

r2 − 4r + 13 = (r − 2)2 + 9 = 0,

with complex solutions r = 2± 3i. So the general (real) solution is:

y(x) = c1e
2x cos (3x) + c2e

2x sin (3x), c1, c2 ∈ R.

Substitution of the first initial value gives 0 = y(0) = c1. Now

y′(x) = 2c2e
2x sin (3x) + 3c2e

2x cos (3x),

so substitution of the second initial value gives 6 = y′(0) = 3c2, so c2 = 2. The
solution of the initial value problem is therefore y(x) = 2e2x sin (3x).
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