Second test Calculus 2, 17 December 2015, Solutions

1. First )
ot (zy?, 2%y) = > f1(2y?, 2%y) + 22y fo(ay?, 22y).
Then

62 2 2 _ a 2 2 2 2 2
ayaxf(xy ,xly) = oy (v* f1(zy?, 2°y) + 22y fo(2y®, 2°Y))

=2y fi(zy?, 2%y) + y* (2zy fui (22, 22y) + 2% fra(zy?, 2%y))
+23 fo(wy?, 2%y) + 22y (2zy for (v, 2%y) + 22 fao(zy?, 2%Y)) .

2. a) Calculate both first partial derivatives and set them equal to 0:
folz,y) =0= 22y —2x=0=2x=0o0ry=1.

fy(z,y) =0 = 2%+ 2y — 4 = 0.

Substitution of z = 0 or y = 1 in the second equation gives three critical points:
S1=(0,2), So = (v2,1) and S3 = (—v/2,1).

b) For general (x,y) we find foo(z,y) =2y — 2, fyy(z,y) = 2 and fry(x,y) =22 =
fya(z,y). Sowe find for(z,y) fyy (2, y) — fay (@, y) fya(z,y) = 4(y — 1 —2?). This
implies that Sy and S3 are saddle points (fzzfyy — foyfyz < 0) and that f has
a local minimum value in S1 (foe fyy — faoyfye > 0 and frp > 0).

¢) The unit vector v in the same direction as u is given by

v= o= <i?§> . Furthermore V f(1,2) = <?> .

[[ul]

So Dy(1,2) =veVf(1,2)=8+2=2

3. We use the method of Lagrange multipliers. So introduce a function L(x,y,\) =
e® + (23 + v — 16) and find its critical points:

0= % = ye™ + 3\2?  (A)

0= % =ze™ +3\y?>  (B)

Multiply equation (A) by z and equation (B) by y and subtract both obtained
expressions to get 3A(z2 — y?) = 0, with solutions A = 0 or z = y. Now A = 0 would
imply that x = 0 and y = 0 which contradicts the third equation (C), so we only
have z = y. Substitution in C' gives one critical point: (2,2). The function value is
e, which is a maximum (for example restrict both 2 and y between 1 and 3; then
we have a closed domain where f obtains its maximum and minimum value).
There is no minimum value, since f can become arbitrary close to 0 (take x < 0 and
y >0 and let x — —oo and y — oo and still 22 4 y3 = 16), but never becomes 0.



4.

5.

6.

a) Make a sketch of the domain. Then you can easily verify that

1,1 1 vz 1 =z
/ / Vze® dr dy = / / Vzer dydr = / Vze® [y} AP
0 Jy2 0 Jo 0 y=0
1 1 o72=1 1
= / ;pexz dx = [*612} = — (6 — 1) .
0 2 z=0 2

b) Again sketch the domain. It is the part of the disc around (0,0) with radius
v/2 and above the line y = x. Using x = r cos (0),y = rsin () we get

1 st/4 V2. 5c/4 /2 1
d,A:/ / drd&:/ / 1Y aras
//Sl+\/x2+y2 x4 Jo 14T /4 Jo L+r

0=>57/4

[ e 0]

= 7(vV2—1n (14 V2)).

O=m/4

a) |z| =vVA+12=4,|w| =V1+4=2V2and arg (z) = 37, arg (w) = —§.

b) For example start with the modulus:

25

wb

_ |Z’5 _ 45

= ”LU|6 - (2\/5)6 = 2.

And for the argument we have

5 10 3 29
arg (;) =b5arg(z) —6arg (w) = 37 + gT="%™

which is equivalent to %71’. So

25 5 . 5 .
o6 =2 (cos (677) + ¢sin (67r>> = —\/§+z.

Soa=—+v3and b=1.

a) Separate the variables and find:
1 1 —1
—sdy= | —dz = —— =1 C
Gty = [ o= -kl

so the general solution is y(z) = —1 — m Substitute the initial value to
obtain 1 = —1 — %, so C' = —1. So the final solution is y(z) = —1 + %—11n|x\'

b) Substitute y(z) = e"*. Then the characteristic equation becomes 72 —6r+ 13 =
(r —3)2 +4 = 0, with complex solutions 7 = 3 + 2i. So the general (real)
solution is:

y(x) = 13 cos (2x) + o€ sin (2x), ¢1,¢o € R.



