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1. Remark that the inequality is equivalent to 4x−9
2−x ≤ 0. The fraction at the left-hand

side in not defined if x = 2 and is equal to 0 if x = 9
4 . We make the following table:

x 2 9
4

2− x + 0 - - -
4x− 9 - - - 0 +
4x−9
2−x - ! + 0 -

So the solution is: x ∈ (−∞, 2) ∪ [94 ,∞).

2. a) lim
x→0

(3x2 − 3x+ 1)
1
x = lim

x→0
e

ln(3x2−3x+1)
x . First calculate (with l’Hospital)

lim
x→0

ln(3x2 − 3x+ 1)

x
= lim

x→0

6x− 3

3x2 − 3x+ 1
= −3.

So lim
x→0

(3x2 − 3x+ 1)
1
x = e−3.

b)

lim
x→0

√
9− x−

√
−3x+ 9

x
= lim

x→0

(
√
9− x−

√
−3x+ 9

x
·
√
9− x+

√
−3x+ 9√

9− x+
√
−3x+ 9

)

= lim
x→0

2x

x(
√
9− x+

√
−3x+ 9)

= lim
x→0

2√
9− x+

√
−3x+ 9

=
2√

9 +
√
9
=

1

3
.

3. a) With implicit differentiation we find y′ = cos(3xy) · (3y + 3xy′).

So y′ =
3y cos(3xy)

1− 3x cos(3xy)
.

b)

y′(
π

9
) =

3 · 1
2 · cos(3 · 1

9π · 1
2)

1− 3 · 1
9π · cos(3 · 1

9π · 1
2)

=
3
4

√
3

1− 1
3π · 1

2

√
3
=

9
√
3

12− 2π
√
3
.

So the equation of the tangent line is given by y =
9
√
3

12− 2π
√
3
(x−

π

9
) +

1

2
.

4. a) For continuity we need lim
x→0

f(x) = f(0) = b. We have lim
x→0−

f(x) = b and (using

l’Hospital) lim
x→0+

f(x) = lim
x→0+

ln(1+3x)
2x

l′H
= lim

x→0+
3

2(1+3x) =
3
2 . So b = 3

2 and a can

be any real number.

b) If f is differentiable, then f also continuous. So we already know that b = 3
2 .

According to the definition f is differentiable in 0 if and only if lim
h→0

f(0+h)−f(0)
h

exists and in that case f ′(0) is equal to that limit. Remark that:

lim
h→0+

f(0 + h)− f(0)

h
= lim

h→0+

ln(1 + 3h)− 3h

2h2
l′H
= lim

h→0+

3
1+3h − 3

4h
= −

9

4
.

Furthermore: lim
h→0−

f(0+h)−f(0)
h = a. So a = −9

4 .
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5. There is more than one solution method, but here we use the definition
⎧

⎪

⎪

⎨

⎪

⎪

⎩

f(−2) = e−4

f ′(x) = 2e2x, so f ′(−2) = 2e−4

f ′′(x) = 4e2x, so f ′′(−2) = 4e−4

f ′′′(x) = 8e2x, so f ′′′(−2) = 8e−4

This gives

P3(x) = e−4 + 2e−4(x+ 2) + 2e−4(x+ 2)2 +
4

3
e−4(x+ 2)3.

6. Take an arbitrary x > 0. Consider f(t) =
√
2 + 3t on the interval [0, x]. The

function is continuous there and differentiable on the open interval (0, x). Remark
that f ′(t) = 3

2
√
2+3t

. The Mean Value Theorem says that there exists a c ∈ (0, x)

such that:

f(x)− f(0)

x− 0
=

√
2 + 3x−

√
2

x
= f ′(c) =

3

2
√
2 + 3c

<
3

2
√
2
.

So
√
2 + 3x−

√
2 < 3x

2
√
2
. So

√
2 + 3x <

√
2 + 3x

2
√
2
.

7. With the fundamental theorem of Calculus we find that:

f ′(x) = 2

∫ arctan(x)

π

4

tan2(t) dt+ 2x ·
1

1 + x2
tan2(arctanx).

So f ′(1) = 2 · 0 + 2·1·12

1+12 = 1.

8. a) Substitute u = 3x2 + 1. Then du = 6x dx.
∫ 1

0

x√
3x2 + 1

dx =
1

6

∫ 4

1

1√
u
du =

1

6
[2
√
u]41 =

1

3
.

b) Use integration by parts twice. Take U = x2 and dV = ex dx. Then dU = 2x dx
and V = ex. So

∫

x2ex dx = x2ex − 2

∫

xex dx.

Now take U = x and dV = ex dx. Then dU = dx and V = ex. So

x2ex − 2

∫

xex dx = x2ex − 2xex + 2

∫

ex dx = x2ex − 2xex + 2ex + C

c) Remark that

∫

x2

x2 + 5x+ 6
dx =

∫
(

1−
5x+ 6

x2 + 5x+ 6

)

dx.

Furthermore x2 + 5x+ 6 = (x+ 2)(x+ 3). So: 5x+6
x2+5x+6 = A

x+2 + B
x+3 for some

A and B. This gives A + B = 5 and 3A + 2B = −9. So A = −4 en B = 9.
Finally:
∫

x2

x2 + 5x+ 6
dx =

∫
(

1 +
4

x+ 2
−

9

x+ 3

)

dx = x+4 ln |x+2|−9 ln |x+3|+C.

9. The integral is divergent, because 1+lnx
x >

1

x
and

∫ ∞

1

1

x
dx is divergent.
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