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1. a) Let X, be the maximum of a random sample Y1, ...,Y, from the density 2(1 —z) on [0, 1]. Find
constants a and by, such that b, (X, —a) converges in distribution to a nondegenerate limit. What
is the cumulative distribution function of this limit distribution?

b) Let X1,...,X, and Y7,...,Y, be two independent random samples from distributions with means
and variances equal to (u1,0%) and (u2,03) respectively. For S% ,, 5%, the sample variances of
the two samples, let

5%, + 5%
R - 2 and T. = 5.
Let £,/2 the upper a/2-quantile of the standard normal distribution. Show that the test that
rejects Ho : py = pg if [Tyy| > €qy2 is of asymptotic level . Hint: First show that T, ~ N(0,1) if
the null hypothesis holds.

¢) Find an example of a sequence of random variables such that X, ~» 0, but EX,, — oo. Show that
your example indeed satisfies these properties.

2. a) Suppose that X, and Y,, are independent with binomial(m,p) and binomial(n,p) distributions.
Find the limit distribution of

2 _ Xm—mp? (Y —np)?
™ mp(l-p)  np(l-—p)

as m,n — 0o.

b) Let Xi,...,X, be iid. with finite fourth moment. Find constants a,b and c, such that the
sequence cn(X —a,X2 —b) converges in distribution to 2 nondegenerate limit. Determine the
limit distribution. Here X, and X2 are the averages of the X; and the X? respectively.

3. a) Let Xi,...,Xp be a random sample from the Poisson distribution with mean ¢. Find a vari-
ance stabilizing transformation for the sample mean and construct an asymptotic 95% confidence
interval for @ based on this.

b) Find the joint limit distribution of (v/n(X,—p), vn(S2—0?)) if X,, and 57 are based on a sample
of size n from a distribution with finite fourth moment. Under what condition on the underlying
distribution are v/n(X, — 1) and v/n(S2 — 0%) asymptotically independent?

4. Let Xi,...,X, be independent N(u, 1)-distributed random variables. Define 0,, as the point of mini-
mum of the function 6 — Y5 (X; — )%

a) Show that 6, = 6y for some 6p. Which 6o ?
b) Show the asymptotic normality of the M-estimator fy.

¢) Determine the asymptotic relative efficiency of 6,, with respect to the sample mean. Based on
this result, what can you conclude about the quality of the estimator 6,7
Hint: the even moments of a standard normal random variable Z are given by EZ%F = (2k)!/(2¥k!).
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5. a) It can be shown that the Mean Integrated Squared Error (MISE) of the kernel estimator f'n,h for
the density f has the following form:

MISE; (fu,n) = Itk (n, b) + g,k (h).
The two terms (variance and squared bias) have the following asymptotic behavior:
nhlsk(n, h) — ci(f, K) >0 and h™*J; k(h) — ca(f, K) >0

for n — oo, h | 0 and nh — oo. We decide to choose h = h, = cn™* for some 0 < o < 1.
Determine (and argue) which choice of « is ‘asymptotically MISE optimal’.

b) Taking the optimal o, one can show that with h = h, = ecn™%,

. K
nl_l_)IIéQ n4°‘MISEf(fn’hn) = Cl_(j;,___z + - Cz(f, K)

Derive the optimal choice of c.

The final grade is (number of points + 4)/4.
Good luck with the exam!



