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1. An investor who is a mean-variance optimizer wants to allocate her wealth optimally
among the stocks of two companies, stock 1, 2, and a risk-free bond. Expected returns
are given by

Rf
t = 1.02 Et[Rt+1] =

[
R1

t+1

R2
t+1

]
=

[
1.08
1.14

]
The returns to the two stocks are uncorrelated and they both have a standard deviation of
0.3. The investor chooses a vector of portfolio weights ω for the two stocks to maximize:

E[Rp
t+1]−

γ

2
σ2(Rp

t+1)

where E[Rp
t+1] and σ2(Rp

t+1) are the expected return and the variance of the return to the
investors portfolio.

(a) What percentage of her wealth should she allocate to each of the two risky assets if
her risk aversion is γ = 1?

(b) Compute the expected return and standard deviation of the investor’s portfolio.

(c) Compute the expected return and standard deviation of the return to the tangency
portfolio between the Risky-Asset Frontier and the Mean-Variance Frontier.

(d) Sketch the Risky-asset frontier and the Mean-Variance Frontier in the standard-
deviation/expected returns diagram. Make sure to label the axis and mark the
points corresponding to:

i. The investor’s portfolio.

ii. The tangency portfolio.

iii. Risk-free bonds.

iv. The two stocks.

2. Use the same assets, expected returns and standard deviations as in the first exercise,
but assume that there are two investors: The first investor can only take positions in the
first asset, while the second can only take positions in the second asset. The first investor
has a wealth of 600 and a risk-aversion parameter γ = 1, while the second investor has a
wealth of 300 and risk-aversion parameter γ = 2. The market capitalization of the first
asset is 400 and that of the second asset is 200.

(a) Find the optimal portfolio of each of the investors and check whether the markets
for each of the two stocks are in equilibrium. (Demand = Supply.)

(b) Find the betas of the two assets and check whether the CAPM holds.

(c) Now assume that markets are liberalized so that both investors are allowed to take
positions in both stocks. Show that there is excess demand for both stocks at the
current expected returns and variances.

(d) Show that a equilibrium obtains if the expected excess return of the first stock goes
down to 4.8% and the expected excess return to the second stock goes down to 2.4
%, with no change in the variances.
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3. The figure below shows a typical Risky-Asset Frontier together with the risk-free rate:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

R f

Copy the figure to your solution sheet, and, in the same figure, draw thee upper part of
the Mean-Variance Frontier for an investor who is only allowed to invest up to 75% of her
wealth in risky assets.

4. The following table excerpt (taken from Frazzini and Pedersen, 2013) shows the perfor-
mance of portfolios of stocks sorted by their estimated betas. P1 is the return of the equal
weighted portfolio of the stocks from the decile with the lowest betas. P10 is the return
of the equal weighted portfolio of stocks in the decile with the highest betas.

(a) Find (i) the expected return, (ii) the CAPM alpha, and (iii) the beta of the long
short strategy:

Rlong−short = RP1 −RP10

(For each dollar you go long in P1, you go one dollar short in P10.)

(b) The preferred strategy of Frazinni and Pedersen is the following:

RBAB =
1

βP1

(
RP1 −Rf

)
− 1

βP10

(
RP10 −Rf

)
Find (i) the expected return, (ii) the CAPM alpha, and (iii) the beta of this strategy.
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5. Acharaya-Pedersen (2005) assume that every investor is a mean-variance optimizer with
an investment horizon of 1 period and show that, in equilibrium, there is a CAPM relation
for net returns:

Ri,net
t+1 =

Pt+1 +Dt+1

Pt
−Xi

t+1

where Xi
t+1 is the stochastic transaction cost for trading stock i at t + 1, measured as a

percentage of the price at time t. The equilibrium requires:

Et[R
i
t+1 −Xi

t+1] = Rf +
cov(Ri

t+1 −Xt+1, R
m
t+1 −Xm

t+1)

var(Rm
t+1 −Xm

t+1)
λt

where

λt = Et

[
Rm

t+1 −Xm
t+1 −Rf

]
and Rm

t+1 and Xm
t+1 is the realized return to the market portfolio and the transaction cost

for trading the market portfolio, respectively:

(a) Decompose this relation to show that the expected return depends on the covariance
of the asset returns with the return to the market portfolio and 3 liquidity risks.

(b) Give a short economic interpretation for each of the 3 liquidity risks.

6. The figure below, taken from the lecture notes, shows the variance ratio statistic different
holding periods for the value weighted returns of the US stock market from 1925-2012.
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What does the figure tell you about mean-reversion and momentum for different holding
periods for the aggregate stock market?
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7. Campbell and Shiller decompose unexpected stock returns into

rt+1 − Et[rt+1] = (Et+1 − Et)
∞∑
j=0

ρj∆dt+1+j − (Et+1 − Et)
∞∑
j=1

ρjrt+1+j

Let ρ = 0.98, the expected log dividend growth constant and equal to 2%, and required
stock returns are mean reverting around a long term average value of 4.5%:

∆dt+1 = 0.02

Et[rt+1] = 0.045 + xt,

where the time varying component of required stock returns xt follows the mean zero
AR(1) process

xt = (0.9)xt−1 + εt, εt ∼ N (0, (0.02)2)

The following figure gives a sequence of realizations of the time-varying required return
component xt as well as corresponding required and realized returns.

t=2 t=4 t=6 t=8 t=10
−0.05

0

0.05

0.1

E
xp

ec
te

d 
re

tu
rn

s

 

 
x

t

E
t
[r

t+1
]

t=2 t=4 t=6 t=8 t=10
−0.5

0

0.5

time

R
ea

liz
ed

 r
et

ur
ns

 

 
r
t

(a) In the figure, there appears to be a negative relation between changes in required
returns for t + 1 (top panel) and realized returns for t (bottom panel). Explain
economically why this makes sense.

(b) Copy the top panel of the figure to your answer sheet and add the expected future
values of xt to the figure. That is, add the series

Et[xt+j ], for t = 4 and j = 1, 2, . . . , 6.

(c) Assume, that at time t = 5, we have εt = −0.05:

i. Find xt for t = 5 using the process for x and the information in the figure.

ii. Find rt for t = 5 using the Campbell-Shiller decomposition.
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8. Consider the following simple economy, where C denotes consumption and π the probabil-
ity of going to each state. The probability of going to the up state next period is equal to
1/2. Assume the representative (typical) investor has a utility function over consumption
Ct given

U(C) = lnC,

and a time discount factor of θ = 0.95.

C t = 100

C t+ 1= 90

C t+ 1= 110

π = 1/2

π = 1/2

(a) Assume that the values for Ct and Ct+1 given in the figure are the equilibrium
consumption levels of the representative investor. Find the implied values of:

i. The marginal utility of the representative investor at t and in both states at time
t+ 1.

ii. The stochastic discount factor between time t and t+ 1 for both possible states
of the economy, mt+1.

(b) Find (1) the current prices and (2) the expected returns of the following 3 securities.

i. A security that pays out 2 in the upstate at t+ 1, and nothing in the downstate
at t+ 1.

ii. A security that pays out 2 in the downstate at t+ 1, and nothing in the upstate
at t+ 1

iii. A security that pays out 1 in both the upstate and the downstate at time t+ 1.

(c) Explain the difference in prices of the three securities economically using the general
pricing formula

p(xt+1) =
Et[xt+1]

Rf
t

+ covt(mt+1, xt+1),

where x denotes the risky payoff, mt+1 the stochastic discount factor, and Rf
t the

one period risk-free rate.
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Important formulas

Vector derivatives

∂x′a

∂a
=
∂a′x

∂a
= x

∂x′Ax

∂x
= (A+A′)x

Inverses

[
a b
c d

]−1
=

1

ad− bc

[
d −b
−c a

]
[
a 0
0 b

]−1
=

[
1/a 0
0 1/b

]
(Diagonal matrix)

Expectations, variances

Et[ax+ by] = aEt[x] + bEt[y] (Linearity)

Et[Et+1[x]] = Et[x] (L.I.E.)

var (x) = E[x2]− (E[x])2

var (ax) = a2var (x)

cov (x, y) = E[x y]− E[x]E[y]

cov (ax, y) = acov (x, y) = cov (x, ay)

Expectation of a log-normal

E[ex] = eµ+
1
2σ

2

if x ∼ N (µ, σ2)

MA(q) processes

xt = µ+ εt + θ1εt−1 + · · ·+ θqεt−q with εt I.I.D.

Et[xt+k] = µ+ θkεt + · · · θqεt+k−q (conditional expectation)

var (xt) = (1 + θ21 + θ22 + · · ·+ θ2q)σ
2 (variance)

cov (xt, xt−j) = (θj + θ1θj+1 + θ2θj+2 + · · ·+ θq−jθq)σ
2 (auto-covariance)

φj =
θj + θ1θj+1 + θ2θj+2 + · · ·+ θq−jθq

1 + θ21 + θ22 + · · ·+ θ2q
(auto-correlation)

AR(1) process with zero mean

xt = φxt−1 + εt with |φ| < 1, εt ∼ N (0, σ2), εt I.I.D.

E[xt] = 0 (unconditional expectation)

Et[xt+j ] = φjxt (conditional expectation)

var (xt) =
1

1− φ2
σ2 (variance)

cov (xt, xt−j) =
φj

1− φ2
σ2 (auto-covariance)
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