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1. An investor who is a mean-variance optimizer wants to allocate her wealth optimally
among three stocks, stock 1, 2, and 3, and a risk-free bond. Expected returns are given
by

Rft = 0.99 Et[R
e
t+1] =

R1
t+1 −Rf

R2
t+1 −Rf

R3
t+1 −Rf

 =

0.03
0.09
0.1


Assume that the returns to the first two stocks, R1 and R2, both have a standard deviation
of 1/4, while the standard deviation of the return to the 3rd stock, R3, is 1/3. The returns
to the three stocks are uncorrelated.

The investor chooses a vector of portfolio weights ω for the three stocks to maximize:

E[Rpt+1]−
γ

2
σ2(Rpt+1)

where E[Rpt+1] and σ2(Rpt+1) are the expected return and the variance of the return to the
investors portfolio.

(a) What percentage of her wealth should she allocate to each of the three risky assets
if her risk-aversion is γ = 1?

(b) Compute the expected return and standard deviation of the investor’s portfolio.

(c) Compute the expected return and standard deviation of the return to the tangency
portfolio between the risky-asset frontier and the mean-variance frontier.

(d) Sketch the Risky-asset frontier and the mean-variance frontier in the standard standard-
deviation/expected returns diagram. Make sure to label the axis and mark the points
corresponding to:

i. The investor’s portfolio.

ii. The tangency portfolio.

iii. Risk-free bonds.

iv. The three stocks.

2. Assume the same setup as in the first question, but now the expected excess returns to
the three stocks are the negative of what they were in the first question. In other words:

Et[R
e
t+1] =

−0.03
−0.09
−0.1


(a) Find the new optimal portfolio weights of the same investor as above, and also the

expected return and standard deviation of his optimal portfolio.

(b) Sketch the new Risky-asset frontier and the new mean-variance frontier in the stan-
dard standard-deviation/expected returns diagram. Make sure to label the axis and
mark the points corresponding to:

i. The investor’s portfolio.

ii. The tangency portfolio.

iii. Risk-free bonds.

iv. The three stocks.
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3. The following is an excerpt from table VII from Fama and French 1996.

A typical momentum strategy would be to go long portfolio 10 and short portfolio 1 from
the formation period 12 − t to t − 2. A typical reversal strategy would be to go long
portfolio 1 and short portfolio 10 from the based from the formation period t − 60 to
t− 13.

(a) For the formation period t− 12 to t− 2: Based on the reported alphas (denoted a in
the table), what can you say about the overall ability of the Fama-French model to
explain momentum returns?

(b) For the formation period t− 60 to t− 13:

i. Based on the reported alphas, what can you say about the overall ability of the
Fama-French model to explain reversal returns?

ii. Based on the reported betas (b, s, and h in the table), which factor(s) if any
contribute positively to the returns of the reversal strategy, which factor(s) if
any contribute negatively to the returns of the reversal strategy?

4. Carrhart (1997) sort mutual funds into portfolios based on realized past returns.

(a) What would one expect about the average returns of these portfolios if differences in
past returns were only due to luck?

(b) Carrhart finds that the return of the portfolio with the best performing funds has
a positive beta with the momentum factor, while the return of the portfolio with
the worst performing funds has negative beta with the momentum factor. How does
Carrhart explain this finding?
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5. The table below is taken from Asness et al (2001).

Normally, one would only compute the beta with the contemporaneous market return.
Why do the authors add betas with the lagged market returns for the hedge fund returns?
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6. The table below, taken from Cochrane (2001) gives the empirical relation between the
dividend-yield and the future returns and dividend growth for different time periods.

According to the Campbell-Shiller decomposition the log dividend yield should be related
to future expected returns and dividend growth rates through the identity:

dt − pt = − k

1− ρ
+ Et

 ∞∑
j=0

ρjrt+1+j

− Et
 ∞∑
j=0

ρj∆dt+1+j


(a) Comment on the signs of the regression coefficient b in the regressions of future

returns and dividend growth on the dividend yield. Are they in line with what you
expect from the Campbell-Shiller decomposition?

(b) Assume that log dividend growth is not predictable and has a constant mean of zero
and that returns are given by:

Et[rt+1] = 0.05 + xt

where xt follows the AR(1) process:

xt+1 = 0.9xt + εt+1.

Let xt = 0, ρ = 0.95. By how much does the log-dividend yield change in response
to the increase in required returns by εt+1 = 0.1.
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7. An investor maximizing expected utility over wealth at time T can invest in 3 assets:

• A money market account earning a risk-free time-varying continuously compounded
risk-free rate of rft .

• Equity earning a constant expected excess return of µxe = 0.07 with a standard
deviation of 0.2. Equity returns are uncorrelated with changes to the risk-free rate.

• Long term bonds earning a constant expected excess return of µxb = 0.01 with a
standard deviate on of 0.1. The returns to long term bonds have a covariance with
changes to the risk-free rate of -0.001.

Stock and bond returns are not correlated. Assume the value function of the investor at
time t is given by:

V (t,W, rf ) = k(t)e(1−γ)(T−t)r
f W 1−γ

1− γ

(a) Use the general formula

ω =

(
− VW
VWWW

)
Ω−1µx +

(
− VWS

VWWW

)
Ω−1Φ

to find the optimal allocation to stocks and bonds as a function of the coefficient of
relative risk aversion γ and the time left until the final period (T-t).1

(b) Assume T = 20 and sketch how the optimal allocation to long term bonds evolve with
time remaining until T for t between time 0 and 20 for the following two investors:

i. Investor 1 who has a coefficient of relative risk aversion γ = 1.

ii. Investor 2 who has a coefficient of relative risk aversion γ = 4.

(time on x-axis, allocation to long term bonds on y-axis.)

(c) Explain economically the difference in how the optimal allocations to long term bonds
change with time for the two investors.

1Ω denotes the covariance matrix of the returns to stocks and bonds. Φ denotes the vector of covariances
between risky-asset returns and changes in the risk-free rate. VW , VWW , and VWS denote partial derivatives of
the value function with respect to wealth and the state.

6



8. With log-normal consumption growth and a power utility function, the continuously com-
pounded risk-free rate is given by

rft = − log θ + γEt[∆ct+1]−
1

2
γ2σ2t (∆ct+1)

where θ is the time discount factor of the representative investor, γ her coefficient of
relative risk aversion and Et[∆ct+1] and σ2t (∆ct+1 denote the conditional expectation and
conditional variance of log consumption growth between t and t+ 1, respectively.

(a) Give a brief economic motivation why the interest rate should be increasing in ex-
pected consumption growth and decreasing in the variance of consumption growth.

Now let log-consumption growth be given by:

∆ct+1 = µ+ xt + σcεt+1

xt+1 = 0.9xt + σxνt+1

where µ = 0.02, σc = 0.01, σx = 0.005. ε and ν are two independent standard normally
distributed shocks. xt is a time-varying component of the trend consumption growth rate
that captures business cycle fluctuations in consumption growth.

(b) Assume the representative investor is a power utility maximizer with θ = 1 and
γ = 2. Find an expression for the 1 period continuously compounded risk-free rate
as a function of xt.

(c) i. Find the average risk-free rate. (E[rf ])

ii. Find the standard deviation of the risk-free rate (σ(rf )).

(d) The following figure contains a random series for xt and ∆ct.
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Copy the figure onto your answer sheet and complete it with the missing series rft .
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Important formulas

Vector derivatives

∂x′a

∂a
=
∂a′x

∂a
= x

∂x′Ax

∂x
= (A+A′)x

Inverses

[
a b
c d

]−1
=

1

ad− bc

[
d −b
−c a

]
[
a 0
0 b

]−1
=

[
1/a 0
0 1/b

]
(Diagonal matrix)

Expectations, variances

Et[ax+ by] = aEt[x] + bEt[y] (Linearity)

Et[Et+1[x]] = Et[x] (L.I.E.)

var (x) = E[x2]− (E[x])2

var (ax) = a2var (x)

cov (x, y) = E[x y]− E[x]E[y]

cov (ax, y) = acov (x, y) = cov (x, ay)

Expectation of a log-normal

E[ex] = eµ+
1
2σ

2

if x ∼ N (µ, σ2)

MA(q) processes

xt = µ+ εt + θ1εt−1 + · · ·+ θqεt−q with εt I.I.D.

Et[xt+k] = µ+ θkεt + · · · θqεt+k−q (conditional expectation)

var (xt) = (1 + θ21 + θ22 + · · ·+ θ2q)σ
2 (variance)

cov (xt, xt−j) = (θj + θ1θj+1 + θ2θj+2 + · · ·+ θq−jθq)σ
2 (auto-covariance)

φj =
θj + θ1θj+1 + θ2θj+2 + · · ·+ θq−jθq

1 + θ21 + θ22 + · · ·+ θ2q
(auto-correlation)

AR(1) process with zero mean

xt = φxt−1 + εt with |φ| < 1, εt ∼ N (0, σ2), εt I.I.D.

E[xt] = 0 (unconditional expectation)

Et[xt+j ] = φjxt (conditional expectation)

var (xt) =
1

1− φ2
σ2 (variance)

cov (xt, xt−j) =
φj

1− φ2
σ2 (auto-covariance)
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