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1. An investor who is a mean-variance optimizer wants to allocate her wealth optimally among the
stocks of two companies, stock 1, 2, and a risk-free bond. Expected returns are given by

Rf
t = 1.02 Et[Rt+1] =


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t+1
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�
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1.145

�

Assume that the returns to stock 1 has a standard deviation of 1/5, while the standard deviation
of the return to the 2nd stock is 1/4. The returns to the two stocks are uncorrelated.

The investor chooses a vector of portfolio weights ! for the three stocks to maximize:

E[Rp
t+1]�

�

2
�2(Rp

t+1)

where E[Rp
t+1] and �2(Rp

t+1) are the expected return and the variance of the return to the investors
portfolio.

(a) What percentage of her wealth should she allocate to each of the two risky assets if her risk
aversion is � = 2?

(b) Compute the expected return and standard deviation of the investor’s portfolio.

(c) Compute the expected return and standard deviation of the return to the tangency portfolio
between the Risky-Asset Frontier and the Mean-Variance Frontier.

(d) Sketch the Risky-asset frontier and the Mean-Variance Frontier in the standard-deviation/expected
returns diagram. Make sure to label the axis and mark the points corresponding to:

i. The investor’s portfolio.

ii. The tangency portfolio.

iii. Risk-free bonds.

iv. The two stocks.

(e) If the investor chooses the portfolio weights you found in (a), what will be her realized portfolio
return Rp

t+1 if the realized return at t+ 1 is 1.05 for stock 1 and 1.15 for stock 2?

2. Use the same assets, expected returns and standard deviations as in the first exercise, but assume
that there are two investors: The first investor can only take positions in the first asset, while the
second can only take positions in the second asset. Both have a wealth of 100 and a risk-aversion
� = 2. The stock market capitalization of the two shares is both 100.

(a) Find the optimal portfolios of each of the investors, and check whether the markets for each
of the two stocks are in equilibrium. (Demand = Supply.)

(b) Find the betas of the two assets and show that the CAPM holds.

(c) Now assume that markets are liberalized so that both investors are allowed to take positions
in both stocks. Show that a equilibrium obtains if the expected excess returns of both stocks
are halved (to 4% and 6.25 %, respectively) with no change in the variances.

(d) Would you expect asset prices to be higher or lower after the liberalization. Argue why.

2



3. The figure below shows a typical Risky-Asset Frontier together with the risk-free rate:

Rf

σ (R )

E
[R

]

Copy the figure to your solution sheet, and, in the same figure, draw the upper part of the Mean-
Variance Frontier for an Investor who is not allowed to use leverage. (So his allocation to risky-assets
smaller or equal to 100 % of wealth.)

4. The Fama-French 3 factor models relates the expected excess return of an asset to exposure to
market risk and the SMB and HML factors through

Et[R
i
t+1 �Rf ] = �m

i Et[R
m
t+1 �Rf ] + �h

i Et[HMLt+1] + �s
iEt[SMBt+1],

Assume the expected excess return to the market portfolio is 6 %, the expected return to the HML
factor is 4.5 % and the expected return to the SMB factor is 4 %.

(a) Describe how Fama-French constructed the SMB factor.

(b) Suppose a stock has a beta both with the market and the SMB factor of 0.5 (�m
i = �s

i = 0.5),
but its returns is uncorrelated with the return to the HML factor. Find the expected excess
return of the stock according to the Fama-French model.

(c) Suppose the expected excess return to the stock is actually 6 %. How could you use a position
in the stock and the factor portfolios to achieve a higher expected Sharpe ratio than you could
have achieved with the factor portfolios alone?
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5. Assume the following model for cdpt, the deviation of the log dividend-yield of the stock market
from its long term average, and rt+1, the log return on the market portfolio:

cdpt+1 = 0.8cdpt + ✏1t+1

rt+1 = 0.06 + 0.06cdpt + ✏2t+1,

where the shocks ✏1t+1 and ✏2t+1 both have expected value 0.

(a) Find cdp, the level of cdpt at which the expected log return for t+ 1 is exactly 0.

(b) Assuming cdpt = cdp, find the expected return at time t for t+ 1, t+ 2 and t+ 3.1

6. Consider the following simple economy. The probabilities of going up or down depend on the state
of the economy. In the upstate at time t+1, the probabilities are 0.8 and 0.2, the same as at time
t, while in the downstate, both probabilities are 0.5. The representative (typical) investor has a
utility function given by

U(C) =
1

2

p
C,

and he has a time discount factor of ✓ = 0.99.

C t = 100

C t+ 1= 105

D t+ 1= 5

C t+ 1= 95

D t+ 1= 5

0.8

0.2

0.8

0.2

0.5

0.5

C t+ 2= 110

P t+ 2= 120

C t+ 2= 100

P t+ 2= 100

C t+ 2= 100

P t+ 2= 100

C t+ 2= 90

P t+ 2= 80

(a) Assume that the values for Ct and Ct+1 given in the figure are the equilibrium consumption
levels of the representative investor. Find the implied values of the stochastic discount factor
between time t and t+ 1, and times t+ 1 and t+ 2 for all possible states of the economy.

(b) The numbers given for Pt+2 are the prices of a particular stock in di↵erent states of the
economy at time t+2. This stock pays a dividend of 5 at time t+1, but no dividend at t+2.
Find the ex-dividend price of the stock at time in both states at time t+ 1 and at time t.

(c) Find the expected return of the stock at t and in both states at t+ 1.

(d) Find the risk-free rate Rf
t at t and in both states at time t+ 1.

(e) How would the representative investor like to change his consumption in the down state at
t + 1 if the risk-free rate would be the same as you found for the up-state at t + 1. Why
wouldn’t that be an equilibrium?

1That is, find E
t

[r
t+1], Et

[r
t+2], and E

t

[r
t+3].

4



Important formulas

Vector derivatives
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Inverses


a b

c d
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
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�


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�
(Diagonal matrix)

Expectations, variances

E

t

[ax+ by] = aE

t

[x] + bE

t

[y] (Linearity)

E

t

[E

t+1[x]] = E
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[x] (L.I.E.)

var (x) = E[x

2
]� (E[x])

2

var (ax) = a

2
var (x)

cov (x, y) = E[x y]� E[x]E[y]

ecov (ax, y) = acov (x, y) = cov (x, ay)

Expectation of a log-normal
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2
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2
)

MA(q) processes
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where �

j

is the j th autocorrelation coe�cient of returns.
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