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1. An investor who is a mean-variance optimizer wants to allocate her portfolio optimally between
two stocks and risk free bonds. The returns to the two stocks are jointly normally distributed with
Ryr1 ~ N(u, Q). Expected returns are given by

1.01

The return to each of the two stocks has a standard deviation of 30 %. The returns to the two
stock returns are negatively correlated with a correlation coefficient of —0.3.

A
E[Ri)-u] - 502(Rf+1)

where E[R} ] and o?(RY, ) are the expected return and the variance of the return to the investors
portfolio.

(a) What percentage of her wealth should an investor with A\ = 2 allocate to each of the two
stocks and what percentage to risk-free bonds.

(b) Asset 2 is risky and has a lower expected return than risk-free bonds. Why can it still make
sense for the investor to hold it?

(¢) Compute the expected return and standard deviation of the investor’s portfolio.

(d) Compute the expected return and standard deviation the tangency portfolio between the
risky-asset frontier and the mean-variance frontier.

(e) Sketch the Risky-asset frontier and the mean-variance frontier in the standard standard-
deviation/expected returns diagram. Make sure to label the axis and mark the points corre-
sponding to:

i. The Investor’s portfolio.
ii. The tangency portfolio.
iii. Risk-free bonds.
iv. The two stocks.

(f) Assume that the market portfolio has 50% allocated to each of the two stocks. Compute the
expected return and variance of the market portfolio, the betas of the two stocks with the
market portfolio, and their expected return according to the CAPM.

2. Consider the following simple economy. The probabilities of going up or down depend on the state
of the economy. In the upstate at time ¢ 4+ 1, the probabilities are 0.8 and 0.2, the same as at
time ¢, while in the downstate, both probabilities are 0.5. The representative investor has a utility
function given by

U(C)=InC,

and he has a time discount factor of 8 = 0.95.
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(a) Assume that the values for C; and Cy4q given in the figure are the equilibrium consumption
levels of the representative investor. Find the implied values of the stochastic discount factor
between time ¢t and ¢ + 1, and times ¢ 4+ 1 and ¢ 4 2 for all possible states of the economy.

(b) The numbers given for P;io are the prices of a particular stock in different states of the
economy at time ¢ + 2. This stock pays a dividend of 5 at time ¢t + 1. Find the ex-dividend
price of the stock at time in both states at time ¢ 4+ 1 and and at time ¢.

(c) Argue whether the expected return to holding the stock should be higher or lower than the risk-
free rate based on the covariance of the stock return with consumption. (Argue economically.
You don’t need to calculate expected returns or risk-free rates.)

3. Campbell and Shiller decompose unexpected stock returns into

riv1 = Bilrewa] = (Beer = E) Y p Adigiiy = (Bepr = B) Y prerasy
=0 j=1

Assume p = 0.95. Let log dividend growth be given by
Adiyy = €01 — 0.5, e~ I.I.D,N(0,(0.1)2).
Moreover, let the required return to equity be given by:
Eifrig1] =7+ x

where

Ti41 = ngt + Vi1 Vig1 IID,N(O, (005)2)
(a) Assume €41 = —0.2. Sketch how expected log dividend growth rates (Ad;1;) change from
time ¢ to t + 1 for j = {1,2,3,4}
(b) Assume 411 = 0.1. Sketch how expected stock returns (r,414,) change from ¢ to ¢t 4+ 1 for
j=1{1,2,3,4}
(c) Compute the contribution of (i) dividend growth news (cash flow news) and (ii) news about
future expected returns (discount rate news) to the unexpected return at time ¢ + 1.
4. Let the log return to equity be given by the time invariant equation
Tt+1 = 0.1 + €t+1, €t+1 = N(O, 022)
and €41 is I.I.D.

(a) Compute the variance ratios V Ry and V Ra.

(b) Assume a power utility investor wants to divide her wealth between equity and risk-free bonds
earning a constant return r/ = 0.05. How should the investor change her allocation to equity
as she gets older given the process for equity returns above?

(c) Assume she optimally allocated 50 % of her wealth to equity at time ¢. At time ¢ + 1,
€+1 = —0.4. Give the portfolio weights of the investor at time ¢ + 1 before she has rebalanced
her portfolio.

(d) Describe what trades she needs to undertake at time ¢+ 1 to optimally rebalance her portfolio.
5. Assume that the representative investor is a log utility maximizer with period utility function
U(C) =log C and time discount factor is § = 0.99. The economy can be in either of two states, a

boom (state 1) or a recession (state 2). Quarterly consumption growth is conditionally log-normal,
with

Aciy1 = plip1 + 06y, err1 ~N(0,1)

[0.005,  if sy =1
HHLZY 0,005, if spaq = 2

o = 0.005

The probability of going from a boom to a recession between two quarters is 0.05, that of going
from a recession to a boom is 0.25.



(a) Use the law of iterated expectations to find an expression for E;[m;y1|S; = 1] in terms of
the transition probabilities from the boom state and the expected value of the discount factor
conditional on the two possible states at time ¢ + 1.

(b) Compute

mi = E[mt+1\st+1 = 1] and
My = Elmea|sia = 2,
the expectation of the stochastic discount factor between time ¢ and ¢ + 1, conditional on
ending in state 1 or 2.
(c) Compute R, the one period interest rate in state 1 and 2.

(d) Explain in economic terms why the interest rate is higher in one of the states than in the
other.



Important formulas

Vector derivatives

dz'a  Bd'z

da ~ Oa
or' Ax ,
e (A+ ANz

Inverses

a b0 1 d —b
c d T ad—bc|-c a

ai,i 0 0 1/(11,1 0 0
0 az,2 0 0 1/a2,2 0
. = . (Diagonal matrix)
0 0 B 0 0 .. 1/apm
Expectations, variances
Eilax + by] = aFE[z] + bE:[y] (Linearity)
Ey[Eriaz]] = Eiz] (L.LE.)

var (z

cov (z, Elz y] — E[z]Ey]

cov (azx,y) = acov (z,y) = cov (z,ay)

| =
)
var (ax) = a“var ()
y)
)=

Expectation of a log-normal

1.2

EBle*] = ett27 if oz~ N(u,o?)

MA(q) processes

If
T =p+ €+ 01601+ +0g€t—q with €; I.I.D.
Then
var (z:) = (1467 + 63 + -+ + 03)0” (variance)
cov (e, zi—j) = (05 + 6010541 + 020510 + - + 04_j0,)0° (auto-covariance)

0j + 610511+ 020510+ --- + 640,

Zh 1+6024+02+---+62

(auto-correlation)

AR(1) process

If
=+ pri_1 + € with |p| < 1,e ~ N(O0, 02), e I.I1.D.
Then
var (z+) L o? (variance)
) =
1—p?
cov (20, m1_y) = 252 (aut iance)
b)) = 7 p2c7 auto-covariance
¢ =p (auto-correlation)
V Ry, statistic
VR 1var (reeqn) kz b
k= % var (re41) o 7

where ¢; is the jth autocorrelation coefficient of returns.



