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.. f(h,0)=f(0,0) . 0-0
1. a) fz(0,0) = }lln_rr)%)f(o N hf(o ) = }lll_%m = 0.
£(0,0) = Jim === = lim —— = 0.

b) The function is not totally differentiable in (0,0). To see this, we have to show that

f(hv k) - f(0,0) - hfm(ovo) - k?fy(0,0)

lim 0.
(h,k)—(0,0) Vh? + k? 7
Take, for instance, k = h an let A — 0. Then,
h2
h,h) — — hfs —h 52 2

h—0 Voh2 h=0v/9R2  h—02h2 2

c) We use the definition of directional derivative:
h2uius
h — 2(u24u2 h
Dzf(0,0) = lim flhu, huo) = £(0,0) _ ) VERGERE) ) Bte
h—0 h h—0 h h—0 |hl

This limit only converges if either u; = 0 or ug = 0, i.e., for @ € {(1,0),(—1,0),(0,1), (0, —1)}.
2. We have z = f(u,v) = f(xy, £). Using the chain rule, we have

0z Ofou Ofdv 1
a—y—%a—y+%a_y—$fu+$fv'

Using the chain rule and the product rule when needed, and f,, = fuu, we have

02z B OfyOu  Of, Ov 1 1 /90f,0u 0Of, 0v
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3. We use Taylor’s series. Let h =x — 1 and k = y + 2. Then,



ok f

Note that Wyk_l(x, y) = 0 for every k > 4 and for every [ € {0,...,k}. Moreover,
F(1,-2) =0
g—i(x,y) =322 — 6z —63+2y° —29y = g—ia, —2)=0
g—g(x,y):4xy—29$—4y+29 ég—g(l,—Z):()
%($,y):6x—6 é%(l -2)=0
a‘fgy (2,y) = dy — 29 @;gy@ )= —37
%(;n,y):@—zl :>%(1,—2):0
%(;13734):6 é%(l -2)=6
O(ZZ;? (@,y)=0 Gy;fQ (1,-2)=0
%(%y):zl :%(1,—2):4
giy‘g(w,y) =0 23§<1 —2) =0
Therefore,
Flay) = F(1,-2) + fj% (g + kaﬁ)k 71,2
= f(~1 2)+hg—f( 1 2)+k:g£( 1,2)
- h2§2£( 1,2) + hk(;fgy( 1,2) + = k2g2£( 1,2)
+ 6h323§( 1,2) + %hzkaiz‘gy(—l, 2) + %hk? ai;; (—1,2) + 6k3gyf( 1,2)
= —3Thk + h® + 2hk’
= (z —1)° +2(z — 1)y +2)* = 37(x — 1)(y +2).
4. First, we compute the critical points, that is, the points where V f(z,y) = (0,0).
V f(z,y) = (62> + 6y, 6y + 62) = (0,0) < “”y”l‘_yxz 0 ;(i ﬂ: 1)=0
Therefore, (z,y) = (0,0) or (z,y) = (—1,1). To study the nature of these points, we look at the
Hessian matrix: H f(z,y) = 12x 2 >



For (0,0), we have Hf(0,0) = < g 2

|A| = —36. Therefore, f has a saddle point at (0, 0).

For (—1,1), we have H f(—1,1) = 162 2

|Aa| = |A| = 36. Therefore, f has a minimum at (—1,1).

> = A, which is indefinite since |A;| = 0 and |A2| =
) = A, which is positive definite since |A;| = 12 and

5. We have to solve
min 2 + 922 + 6y2
st. 2?2 4+9y?=09.
(i) Lagrange function: £(z,y,\) = 23 + 922 + 6y + A(2? +y% — 9).

(i) VL(z,y,\) = 0.

322 4+ 18z +2\z =0 322y 4+ 182y + 2\xy = 0 6y + Ay =0
12y +2Ay =0 < 12zy+ 2 zy =0 & 322y 4 6zy =0
?4+y?=9 ?4+y?=9 2 +y?=9
6y + Ay =0
< ay(x+2)=0
?4+y?=9
Then, we have the solutions: (0,3), (0,—3), (3,0), (=3,0), (—2,v/5), (—2, —/5).
Alternative:
372 + 18z + 2 \z = 0 372 4+ 18z + 2\z = 0 322 + 18z + 2 \z =0
12y + 2 \y =0 < y6+A)=0 < y=0or A= -6
?+y?=9 2?4+y?=9 2 +y?=9

For y = 0, we have the solutions: (3,0), (—3,0). For A = —6, we have 322 + 18z — 122 =
3z(z + 2) = 0; then, the solutions are: (0,3), (0,—3), (=2,v5), (-2, —V/5).

(iii) Solution.
We evaluate f(z,y) = 2> + 922 + 6y in all critical points and we have

£(0,3) = f(0,—3) =54, f(3,0) =108, f(—3,0) =54, f(-2, \/5) = f(-2, —\/5) = 58.
Therefore, the minimum value is 54 and is attained at (0,3), (0,—3), and (—3,0).
6. a) Let F(z,y,u,v) = (2zudv — yv — 1,330 + 25u? — 2). We want to know if the equation
F(z,y,u,v) = (0,0)
has a solution for u and v as functions of z and y in a neighborhood of (1,1, 1,1). We know that

e F' has continuous partial derivatives,



e F(1,1,1,1)=(2—1—-1,141—2) = (0,0).
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By the implicit function theorem, there is a neighborhood of (1,1,1,1) where u and v can
be given as functions of x and y.

b) We have F(z,y,u(z,y),v(x,y)) =0 for all (z,y) in a neighborhood of (1,1). Thus,

F
0= %(x,y,u(:n,y),v(x,y)) = 200 + 6xu2v% + 2xu3% - y%
F
0= %—yl(x,y,u(:n,y),v(x,y)) = 6xu2vg—z + 2$ugg—; — v — yg—;
F.
0= 52wy, ulwp), vl ) =50+ 5t + 20
F.
0= 52 (o) o) = 3P0 + 95 + 200
Therefore,
24+ 624(1,1) + 22(1,1) = 0 6%(1,1)4—%(1,1) = -2 %(1,1) =
694(1,1) + 92(1,1) —1=0 29%(1,1) + 92(1,1) = =5 w(1,1) =
ou Votu 1y =0 | € 6B+ By =1 | F Bil)—
%(1,1)4-54‘2?(1,1)—0 ay(v )+8y(’ )_ 6y(7 )_
3+ 92(1,1) +244(1,1) = 0 284(1,1) + §2(1,1) = -3 g(1,1) =
7. We have
G={(z,y) eR*2y<z <2, 0<y<1}
and

integration and we have

and
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However, we cannot find an antiderivative with respect to x. Then, we change the order of

G:{(x,y)€R2]0§x§2,0§y
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8. We want to calculate [ [, (2* + y*)dA with
G={(z,y) eR}1<z+y<25<3x+4y <6}.

For this, we use the change of coordinates u = x+y and v = 3z 44y and see that x = 4u—v and

84u v Odu—v 4 1

det ( 92%, 9%y > = |det ( 3 >' =1=#0. Then, dzdy = dudv,
Tou ov -

Guw={(u,v) ER*[1 <u <2 5<v <6}, and

//G(a:? +y?)dA = /56 /12((4u )2 4 (v — 3u)?)dudy = /56 [1—12(4u 0P - o 3u)3] j do

(56 =0 = (=0 = 50 =07~ (0 -3 v

y = v — 3u. Then,

[l
T

1 4 4 1 4 4 °
= | —(—(8 = 4 — - —((v—-6)* = (v—
[48( (8—=v)"+(4-v)) 36((v 6)" — (v—3)7) i
1 1 80 66 7
= (=242 43 1) - —(0-3"—1+2¢ — =_.
48( 243 36(0 s +2) = R 362

9. We want to know for which values of k € R does the integral [ [ fG mcﬂ/ converge with

G = {(z,y,2) € R3|z € [0,1]}. For this, we use cylindrical coordinates: z = rcosf, y = rsiné,
z=2z wherer >0, — 71 <0 <m and 0 < z < 1. We already know that dxdydz = rdrdfdz.
Then,

I W e T o e

:n%%o/ /_W T ded“niﬂnoo%/o md

= lim 7T/ Mdr
0

m—00 (1 —|—7’2)k
im0 [In(1 4 72)] " if k=1,
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Then,
lim,,, 500 7 In(1 + m?) = oo ifk=1,

1 . 1 1—k _ :
v = limy e (14 12) 1)=00 ifk<1,
///G(1+w2+y2)’“ i T eT) = if k> 1.

limyy, 500 T=7 (1 — T =

Therefore, our integral only converges for k > 1 to the value =.



