Please read carefully and start with answering those questions that you are sure you can
solve. Write clearly, always state which exercise you are answering when using extra sheets,
and indicate by crossing out if you want parts of your answer to be disregarded. Any
ambiguity or unclarity will result in zero points, or in the worst of several solutions being
graded. If you are uncertain of a formal statement or proof, write it down informally rather
than giving no solution.

Note: you can write all solutions on the exam sheet, there is enough space reserved
after each exercise. If you prefer or need extra space, you can also use exam paper. The
exam has a total of 100 points.

Best Wishes!
Note: The grading scheme of the actual exam can differ! This is an example ONLY.

Question 1 (12 points)
Which of the following statements are true given the assumptions in the following parts? List
the implied statements and give a short reason for your decision.

a) (4 points) Let M be a stable matching between residents and hospitals, computed by the
Gale-Shapley algorithm.

1) There exists no partial matching M’ of any sets of residents R and hospitals H such
that every vertex in R and H prefers their partner in M’ over their partner in M.

False, siuce G.-S. on 3wau¢u/5 S\'OJORL%P, cl%@uz_&
s ‘no -1‘39_0 Vertices T h cou maluw a qu&%—\oe Soikda)

2) As a participant in the matching process, it is more favorable to be on the side that
accepts matching offers than on the side that has to propose.

Fedse , e Showed G.— 3. COW\PUL‘\{/) oo Stalole M&A(AS
dnok s ek Jor Ha proposers buk warst e dne sttrerside

b) (4 points) Let G be an undirected graph, where the A* algorithm is used to compute a
shortest path from vertex s to vertex t.

1) The algorithm considers no other edges of the graph than the ones that are part of
a shortest path from s to t.

Yolse. Ohen Usiay, Pre O‘&Mc\—iw as hewsstic, & evern
considecs all o| Pt (like CDi\'\ks-\'ro\).

2) You have moved from house a to house s, and already know the best way to go from
a to anywhere else in the city. h(x) = dist(a,x)+dist(a,t) is a good heuristic to use in
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the algorithm, where dist is the function representing your known routes from and
to a. X

Folse  This heudshc s not imonotone °<:Jc and nok
e aduisigle (wiolwt be shorter o ot % Vi 01 ).

c) (4 points) Assume that decision problem L € NP.

1) Then, there exists no polynomial time reduction from SAT (the satisfyability
problem) to L.

Folge : Lg L is U?-Cow@u—glw L is evean gumowlu_d
4o be 'ashasd as ST, ¢pto Polyn. %(gdl-'.

2) Then, it must be unknown whether there exists a polynomial time algorithm for L.

False . Siuce Pe NV, Lw‘(g«k be w P.

Question 2 (14 points)

Name two algorithmic paradigms/modeling techniques from the lecture that should be
useful to solve the following problems optimally. For each, give an algorithm or a problem
representation that does so (e.g., a greedy procedure, a formula for DynProg, a Flow
Network) You do not need to state a proof of correctness.

Hint: those techniques include Greedy, Dynamic Programming, Informed Search, Network Flows, Linear
Programs, Integer Linear Programs.

a) (6 points) You bought a new ventilation system for your house, which is very strong and
can deliver fresh air to each of your n rooms R. However, you need to build a system of
pipes such that for every room, there exists some pipe connection to the basement b €
R, where the ventilation system is located. Any pipe can be used for arbitrarily many
rooms at the same time, and you know the costs for installing a pipe between any (r1,r2)
€ R x R. What is the minimum cost to get the ventilation system to work?

Grtacly :
~ Medeh Hae q»foblom. as Q\a.pl« G, veskiceS =oms, Q-C}ﬁk
(QQ,'\%\«,\”B W) = ogs + ook *0 e)«t\o\OO\w{’J ((OQ‘\MS)

- Soxv V= foosamed § . An lowg o dliete are oong ' VAU

o Cind Suallest W V) cE st ue V), veV.
A v fo V'ond odd (wv) 4o Tthe solubion sek S.
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b) (8 points) The Knapsack Problem, i.e. given a number K = 0 and n items [ with costs ci
and values vi, choose a subset S € [ with Z ¢i< K that maximizes Z Vi.

j%ﬁw ﬂ'ﬁ For (>O- - ©
. mox § OPT(i-A L), (OPT L1-4, kme) + V1) § § Cizk
lk - ) | (8 \

O k) {ovru—mk)

Unhn écc&jar\y

othesdse .

oot (4,k) = § ‘é*&;;';_
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roxX Vi X, &,
1€ Enl
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Question 3 (8 points)

Recall that given an undirected graph G = (VE), a set A € Vis called dominating if forallve V
we have that v € A or there is a u € A such that {u,v} € E. The dominating set problem is defined
as follows: given a graph G and a natural number k, does G have a dominating set of size k?

The set cover problem is formulated as follows: Given a set U, a natural number n and a

collection {51,52,..,Sm} with each Si € U, is there a set of indices I € {1,2,...,m} of size n such that
s =
e ! :

Prove that dominating set <pset cover.

Geol: Yolurime - Counpukalile S—‘- (kdt\)lem‘)l“ G) > (neW U, S,...S..)
Suda ¥ack (kG) € ‘Demiuom&&k £=> (0, US4~ Sw) € Sk Cover,

:De&w& U';\/) and n=k.

14 Uie\/ S5 = %Vi v MCVJE (‘R/\e,r&‘ja&\ m=1V0)
7 V\d@w"&“‘”\‘ﬂ v, tee. TveV|Te=vvdess

Prost - Asswwe  (kKG)e Domes.
—> (3 A, IAl=k, ¥veV: vep ot e=(wek: e A.)
Thew,fe< s Sk A ﬂ)%‘me, T=5ieN'vicAg.
= ¥ veV: vell S =" U S=u = (KV5.5)e L.

Also:
ASStAwne_ <k\v; S/(, ceey Syvi )e Sek Coves-
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Dedine A=%vieV | icLk.
Fix ve \.
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AMso, y*ecA . @6 ckd& O& Si¥, thotds Vi e NW) or v*=V
= A s dow‘lmcu\'ivﬂ Sef .
Fl \WP“*{US ( k'\l\84,~.. |SVl> &&({-3 Nqu(ﬂ‘ts @U\d&’v\% ‘M'UL
V\QJ%M\OU(S cSechA ok, oida & pessible v O (n2) = %(\k‘ﬁw\
&
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1 for polytime check.


Question 4 (14 points)

Recall that a propositional logic formula ¢ is in 2-CNF if it is of the form (£1,1V£1,2)A(£21V
£2,2)A+-A(fm1 V¥m2), where each ¥ijis a literal. Show that deciding whether there exists a
satisfying assignment for a formula in 2-CNF is in P, or prove that it is NP-hard.

Hint: Finding a graph representation for the problem could help.

Graph -
Vertices V 40‘ eady Uaﬂu.lo(e [ ~(’\‘u€, / we\c/r\kcj (fm

X1° )(20 XD\O V _ _
X1° X, © e XL o = {4 50 5§

i clause has oUy 2 lfereds = i& He fet s Wrnd, Pua. 2l waagl be
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4 P for finding correct graph (or other) representation/other correct explanation of the facts to exploit.
4 P for algorithm/direct structural analysis.
1 P for polytime analysis.
5 P for proof, 3 of which given if the general idea of implications of variable choices is explained right, even if otherwise the proof does not work.
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Question 5 (10 points)

Design an algorithm that given a Graph G = (VE) and a weight function w : E =R, finds a matching of
maximum weight: that is a set A € E such that w(A) is maximised. Analyse its runtime and argue for
correctness, and in case of a non-optimal algorithm, prove an approximation bound.
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Question 6 (8 points)
a) (2 points) Show n? &l Q(3n3).

Fix Cngy Constant C, No€ N Dispre

A
cAS > 3t =unt = cin®>n" g

ve: duzi, , w2 c3nd

=
b) (2 points) Give the definition of a PTAS.
Ad‘wl{\ ,,3 u&mm AlLGe K’frfw& £>0 sudh Huck
- Aee s o (-0 oppoxivadionfota et Sol. of Masdns Prbletn P,

[Le. owkpudo gec@ible Sol. Yakwe- z(¢)orT  (or = (A+€)0PT o i)
— Ao, s ln PS\SAOU\«L&J\ we i Ha iu\()wk— gl
c) (2 points) Define the class NP.
Nl Aecigion Pm(oms(}?(lor whide Huose. exists &(v(ai’im d‘—{' C CCQV%Q‘\)
Sindn Hoaok (T £ i ] olppuommial. omd c(T ) =TRUE )
60040(01/&:36 Tep. C (T

d) (2 points) Is it known whether the maximum matching problem is NP-hard? Give a short reason.

No. [qﬁ =N Joren @\ﬁﬂ@(‘@%\% WP s NP-hasel.
Mos MaHAxlﬁ D

Question 7 (10 points)

a) (5 points) Give an input instance (with n vertices, for any n €N»;) to the k-center problem such
that the greedy algorithm from the lecture, given that it starts with picking the first point in the
input set I/, always yields an optimal solution.

Eoshode - Up=Ve = == Vu-
[l/\\lOvQCO( (5%) A 'kgx;# %

¥ ieN e 7= - Define disoucs Juscion oisk O %) = { 6 chrerosise
Yhic resolts in 60T=0 '.& U metac Spoce hos more thaew ke Qowds.

Othectse, QLd“V\f) W"G codess 8\\)@5 AlG = CRT= 4.
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4 P with 1 mistake (or up to 2 small mistakes)

3 P for correct idea (defined or described in clear manner), even if flawed

1-2 P for clearly failed attempts, given their idea was reasonable and recognizable 


Comectucss

b) (5 points) Give a running time analysis for the k-center algorithm from the lecture (in general,
not for the special instance constructed here).

— Fudin \H/La. Mo - distaumce ()o‘tw& : OCV\)
— Recomnpoting | Up do X o al distanes:  Oln)
— @e,?e,aﬁmsaz oloove k \(";W-QS o OCku )

Question 8 (13 points)
Given two numbers 2 < a < b, and two operations: P (for Plus 1) and D (for Double), where P(x) = x +

1 and D(x) = 2x. Design a greedy algorithm to find the least amount of operations, starting from g, to
get to b. Show its correctness. For example, if a = 2 and b = 10, the order would be DPD: D(a) = 4,P(4)

=5, and D(5) = 10.
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3 P for termination and correct output proofs.

4 P for proof of optimality.
(each accordingly lower with missing parts/mistakes)


Question 9 (14 points)

A company has r customers and g consultants. Every customer needs to be assigned to exactly one
consultant. Every consultant can only be assigned to z customers. Finally, no consultant is allowed to
drive more than 50 kilometers to any of their assigned customers; you may assume a table with all
customer-consultant distances is given. You want to decide if there is a consultant-customer

assignment that meets all of these demands.
a) (8 points) Model this problem as a maximum flow problem. Describe the graph you construct

and argue why there exists a flow of value r in this graph if and only if a consultant-customer
assignment exists.

E=(v,e, c), c:E=Nsp, Suda Mnoe
V=R, Qisio 5, where B= customers | G- = consuditawdd
F= z (qec )€ BB sk, dlisk (r,c[)egog
o §6,9) 1qe85 , 3 [ kS, and

Z e=(s.q) Jora€ &

cle)= 4 &Hneccnse

/K\§ 3T Alou) = (r.t) CO(SQS 56‘*,\(-“/\‘/\0?—\/24&8( L\a.s %low >2‘/\ o 5(@03

3 D pebioeen Gus . | Custoumes wsita digh 250 (sines Hrere (s noedog)
(/)

0 <&

=> Q&‘B\ALWS every cust. P consitbank Haok semde i Lgieu,a s dﬁas.
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b) (6 points) Argue how this problem could be solved by finding a bipartite matching. Describe the
graph you construct.

G=(a @ &) whr ©custowes, amch Q! contains 2 Qg(vte_g
éjmda coug koms. € {(q‘, )\ a'e @) re@, olfs&(o“r) )
&or ot covs. Yok g 5 C‘«Cop:} %i
' bor
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SM Sz¢ % Suca a ma,&«imb S QKGCA—\S R R Q@%&M
S Sloclde..
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1 P each for the arguments about correctness (km limit, maximality) and output determination (dep. on whether size is R).




